Mathematical Tools ﬂ_

MATHEMATICAL TOOLS

Mathematics is the language of physics. It becomes easier to describe, understand and apply the
physical principles, if one has a good knowledge of mathematics.

0Tools are required to do
physical work easily and
mathematical tools are
required to solve nhumerical
problems easily.

Differentiation Integration Vectors

To solve the problems of physics Newton made significant contributions to Mathematics by

inventing differentiation and integration.

Cutting a tree with a blade Cutting a string with an axe
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APPROPRIATE CHOICE OF TOOL IS VERY IMPORTANT

A8
1.

FUNCTION

Function is a rule of relationship between two variables in which one is assumed to be dependent and
the other independent variable, for example :

e.g. The temperatures at which water boils depends on the elevation above sea level (the boiling point
drops as you ascend). Here elevation above sea level is the independent & temperature is the
dependent variable

e.g. The interest paid on a cash investment depends on the length of time the investment is held. Here
time is the independent and interest is the dependent variable.

In each of the above example, value of one variable quantity (dependent variable) , which we might call
y, depends on the value of another variable quantity (independent variable), which we might call x.
Since the value of y is completely determined by the value of x, we say that y is a function of x and
represent it mathematically as y = f(x).

Here f represents the function, x the independent variable & y is the dependent variable.

X f f(x)
Input Ouput
(Domain) (Range)

All possible values of independent variables (x) are called domain of function.
All possible values of dependent variable (y) are called range of function.
Think of a function f as a kind of machine that produces an output value f(x) in its range whenever we

feed it an input value x from its domain (figure).

When we study circles, we usually call the area A and the radius r. Since area depends on radius, we
say that A is a function of r, A = f(r). The equation A = =nr? is a rule that tells how to calculate a unique
(single) output value of A for each possible input value of the radius r.

A = f(r) = =r2. (Here the rule of relationship which describes the function may be described as square &
multiply by =).

If r=1 A=n ; if r=2A=4x ; if r=3 A=9n

The set of all possible input values for the radius is called the domain of the function. The set of all
output values of the area is the range of the function.

We usually denote functions in one of the two ways :

1. By giving a formula such as y = x? that uses a dependent variable y to denote the value of the
function.

2. By giving a formula such as f(x) = x? that defines a function symbol f to name the function.

Strictly speaking, we should call the function f and not f(x),

y = sin x. Here the function is sine, x is the independent variable.
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Solved Example
Example 1. The volume V of a ball (solid sphere) of radius r is given by the function V(r) = (4/3)r(r)*. The

volume of a ball of radius 3m is ?

Solution : V(3) =4/3n(3)° =36mm3.

Example 2. Suppose that the function F is defined for all real numbers r by the formula F(r) = 2(r — 1) + 3.

Evaluate F at the input values 0, 2, x + 2, and F(2).

Solution : In each case we substitute the given input value for r into the formula for F :

FO)=20-1)+3=-2+3=1 ;
F2)=2(2-1)+3=2+3=5
Fx+2)=2(x+2-1)+3=2x+5;
F(F(2)) =F(5)=2(5-1)+3=11.

Example 3. A function f(x) is defined as f(x) = x? + 3, Find f(0), f(1), f(x?), f(x+1) and f(f(1)).

Solution : f(0)=02+3=3 ;o f()=12+3=4 i fO3) = (x3)2+3 = x*+3
fx+1)=(x+1)°2+3=x2+2x+4 ;o f(FQ) = f(4) =42+3 =19
Example 4. If function F is defined for all real numbers x by the formula F(x) = x2. Evaluate F at the input

values 0, 2, x + 2 and F(2)

Solution : FO)=0 ; F(2)=22=4 ; F(x+2) = (x+2)2

[a8|

F(F(2) = F(4) = 42 =16

2.
2.1.

TRIGONOMETRY

Measurement of angle and relationship between degrees and radian
In navigation and astronomy, angles are measured in degrees, but in calculus it is best to use units
called radians because of the way they simplify later calculations.

Let ACB be a central angle in a circle of radius r, as in figure.
B

0

. A

M
Arc | h AB
rc lengt _ g= 2B

Then the angle ACB or 6 is defined in radius as 6 = -
Radius r

Ifr=1then 9 =AB

The radian measure for a circle of unit radius of angle ACB is defined to be the length of the circular
arc AB. Since the circumference of the circle is 2r and one complete revolution of a circle is 360°, the
relation between radians and degrees is given by : = radians = 180°

Angle Conversion formulas

T .
1 degree = 180 (= 0.02) radian Degrees to radians : multiply by %

; n . . 180
1 radian T80 * 57 degrees Radians to degrees : multiply by —
T
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Solved Example

Example 1. (i) Convert 45° to radians. (i) Convert g rad to degrees.
Solution : (i) 45+ L =T rad iy = - 189 500
180 4 6
Example 2. Convert 30° to radians.
Solution : 300x ~ =T raq
180 6
Example 3. Convert grad to degrees.
Solution : T 180 _ 60°
T
Standard values
1 2 3 60° = rad
@ 30°= Zrad @ 450 =" rad ®)
6 4
4 5 6 135° =rad
) 90° = ~rad ®) 1200= 2% pag | ©
2 3
7 8 0= 9 0=
(7) 150° = 5 rad (8) 180°= x rad 9) 360° = 2x rad

2.2.
Ya

Positive
measure

> X

Measurement of positive and Negative Angles

y

X
Negative
Measure

An angle in the xy-plane is said to be in standard position if its vertex lies at the origin and its initial ray

lies along the positive x-axis (Fig.). Angles measured counterclockwise from the positive x-axis are

assigned positive measures; angles measured clockwise are assigned negative measures.

N

y

y

A

A
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2.3. Six Basic Trigonometric Functions
The trigonometric function of a general angle 6 are defined in terms of x, y, and r.

A

O adjacent side

Sine : sind = opp _ Y Cosecant : cosec0 :M: I
hyp r opp Yy
Cosine : cosO = ﬂ =X Secant : sec = hLP— I
hyp r adj x
Tangent : tanf = o_p_ =Y Cotangent : cot0 = a—dJ: X
adj x opp Yy

A

VALUES OF TRIGONOMETRIC FUNCTIONS
If the circle in (Fig. above) has radius r = 1, the equations defining sin6 and cos 6 become
Cos 0 =X, sind =y
We can then calculate the values of the cosine and sine directly from the coordinates of P.
Solved Example

Example 1. Find the six trigonometric ratios from given figure
5
4
0
3
Solution : sing = PP 4 ; cosO = a—dJ = E; tan6 = o_pp = 4 ; cosecE):M: S ;
hyp 5 hyp 5 adj 3 opp 4
Sece—th_:E; Oteza_djzg
adj 3 opp 4
Example 2. Find the sine and cosine of angle 6 shown in the unit circle if coordinate of point p are as
shown.
(49
2" 2
P, \
REY ) 0
= | NI )
1
Solution : cos 0 = x-coordinate of P = — %; sin 6 = y-coordinate of P = g
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2.4. Rules for finding Trigonometric ratio of angles greater than 90°
Step-1. ldentify the quadrant in which angle lies.

Step-2.—»

(@)

(b)

If angle = (nt + 0) where n is an integer. Then trigonometric function of (nt £ 0) = same

trigonometric function of 6 and sign will be decided by CAST Rule.

y
Il Quadrant , | Quadrant

S A
sin positive |all positive

THE CAST RULE

A useful rule for remembering when the
basic trigonometric functions are positive
and negative is the CAST rule. >X

If you are not very enthusiastic about CAST. T C

You can remember it as ASTC tan positive | cos positive
(After school to college) V' Quadrant

Il Quadrant

If angle = (2n+1)gie} where n is an integer. Then trigonometric function of {(2n+1)gie} =

complimentary trignometric function of 6 and sign will be decided by CAST Rule.

Degree | 0] 30 37 45 53 60 | 90 | 120 [ 135 |[180
Radians |0 | =n/6 |37=x/180| n/4 |53x/180| n/3 |n/2 | 2n/3 | 3n/4 oL
sind |0] 1/2 3/5 |12 | 415 [V3/2| 1 [J3/2| w2 | 0
cos® |1|+v3/2| 4/5 |uv2| 3/5 172 | 0 |-12|-1y2]| -1
tan0 |0|1/V3 | 3/4 1 4/3 V3 | o | =3 ] -1 | 0

Values of sin 0, cos 6 and tan 6 for some standard angles.

Solved Example

Example 1.

Solution :

Example 2.

Solution :

Example 3.

Solution :

Example 4.

Solution :

Evaluate sin 120°

sin 120° = sin (90° + 30°) = cos 30° =

B
2

sin 120° = sin (180° — 60°) = sin 60° = g

Aliter

Evaluate cos 135°

cos 135° = cos (90° + 45°) = —sin 45° = — %
Evaluate cos 210°

Ng

c0s 210° = cos (180° + 30°) = — cos30° = nry

Evaluate tan 210°

tan 210° = tan (180° + 30°) = tan 30° = L

N5

AN Resonance®
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[a8]

2.5.

General Trigonometric Formulas :

cos’® +sin6 =1
1 + tan®* 6 = sec’ 0.
1+ cot® 6 = cosec’®.

2 cos(A + B) = cos A cos B — sin A sin B
) sin(A+B) =sinAcos B +cosAsin B

tan (A+B) = tanA +tanB

an (A+B) = 1-tanA tanB

3. sin20=2sinBcos® ; co0s20 =cos20—sin?0 =2c0s?20—-1=1-2sin20
cos2 0 = 1+ 0(23529 . sinzo= 1—02326

4. sine rule for triangles

cosine rule for triangles

b
sina. _ sinf _ siny
a b c

c2=a2+ b2- 2ab cosO

DIFFERENTIATION

Finite difference
The finite difference between two values of a physical quantity is represented by A notation.
For example :

Difference in two values of y is written as Ay as given in the table below.

Y2 100 100 100
V1 50 99 99.5
Ay=y2—y1 50 1 0.5

INFINITELY SMALL DIFFERENCE :

The infinitely small difference means very-very small difference. And this difference is represented by
‘d’ notation instead of ‘A’.

For example infinitely small difference in the values of y is written as ‘dy’

if y2=100 and y1 = 99.99999999........

then dy = 0.000000................... 00001

/\
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3.2.

3.3.

3.4.

Definition of differentiation
Another name for differentiation is derivative. Suppose y is a function of x or y = f(x).

Differentiation of y with respect to x is denoted by symbol f'(x) where f' (x) = j_y
X

dx is very small change in x and dy is corresponding very small change iny.

NOTATION : There are many ways to denote the derivative of a function y = f(x). Besides f (x), the
most common notations are these :

y “y prime” or “y dash”  Nice and brief but does not name the
independent variable.
d
d_i “dy by dx” Names the variables and uses d for derivative.
df “ ” H 1 Y
oS df by dx Emphasizes the function’s name.
d “d by dx of f* Emphasizes the idea that differentiation is an
&f(x) operation performed on f.
D,f “dx of f” A common operator notation.
w “y dot” One of Newton’s notations, now common for
time derivatives i.e. dy .
dt
f(x) f dash x Most common notation, it names the
independent variable and Emphasize the
function’s name.

Slope of aline
It is the tan of angle made by a line with the positive direction of x-axis, measured in anticlockwise
direction.

Slope =tan 6 (In 1%t quadrant tan 0 is +ve & 2nd quadrant tan 6 is —ve)
In Figure - 1 slope is positive In Figure - 2 slope is negative
6 < 90° (13‘[ quadrant) 6 > 90° (2nd quadrant)
ya
/(\x \<\\9 > X
Figure - 1 Figure - 2

Average Rates of Change :
Given an arbitrary function y = f(x) we calculate the average

rate of change of y with respect to x over the interval (x, X + AXx) y+Ay
by dividing the change in value of y, i.e. Ay = f(x + Ax) — f(x), by
length of interval Ax over which the change occurred.

The average rate of change of y with respect to x over the y
interval [X, X + Ax] = ﬂ :M X
AX AX X+ AX Ay
In triangle QPR tan6 = Ax
X
4y _ QR

Geometrically, A = tan 6 = Slope of the line PQ

PR
therefore we can say that average rate of change of y with respect to x is equal to slope of the line
joining P & Q.

/\
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3.5.

3.6.

The derivative of a function

We know that, average rate of change of y w.r.t. x is . If the limit of this ratio

AX
exists as Ax — 0, then it is called the derivative of given function f(x) and is denoted as
f(x) = dy _ax >0 fx+ax)—f(x)
dx AX

Ay _ f(x+A)— ()
- AX

Geometrical meaning of Differentiation

The geometrical meaning of differentiation is very much useful in the analysis of graphs in physics. To
understand the geometrical meaning of derivatives we should have knowledge of secant and tangent to
a curve.

Secant and tangent to a curve

Secant : A secant to a curve is a straight line, which intersects the curve at any two points.
y
A

q Secant

» X

Tangent : A tangent is a straight line, which touches the curve
at a particular point. Tangent is a limiting case of secant which y+Ay
intersects the curve at two overlapping points.

In the figure-1 shown, if value of Ax is gradually reduced then

the point Q will move nearer to the point P. If the process is

X X + AX

continuously repeated (Figure - 2) value of Ax will be infinitely
small and secant PQ to the given curve will become a tangent Figure - 1
at point P.

Therefore ﬂ = ﬂ =tan 6
ax—0\ AX dx

we can say that differentiation of y with respect to x, i.e., (%j is equal to slope of the tangent at point
X

P (x,y) or tan = % (From fig. 1, the average rate of change of y from x to x + Ax is identical with the
X

slope of secant PQ.)

Q
N A
Q
Ay
=) Q
A EEEEEES" 2 R
. AX '
1 : 5
Va 4 X X+AX
Figure - 2

/\
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3.7. Rules for Differentiation

RULE NO. 1:

DERIVATIVE OF A CONSTANT

W

The first rule of differentiation is that the derivative of every constant function is zero.

If c is constant, then ic =0.
X

Example 1. i(8):0,1(—1j:0 d (\/§)=O
dx

RULE NO. 2:

dx\ 2

POWER RULE

W

. d _
If n is a real number, then —x" =nx"* .

To apply the power Rule, we subtract 1 from the original exponent (n) and multiply the result by n.

Example 1.

Example 2.

Example 3. (a)

RULE NO. 3:

3

X 4

f|x|x2 X

f | 1 |2x| 3

43

0 - (ij = Loy = o= -
X X

dx | x
(ii) d_C:((xi;j = 4% (x3) = 4(=3)x* = —:)L(—f.
! Function defined for |x >0 derivative defined only for x > 0
) < () = ox
I |

Function defined for x >0  derivative not defined at x = 0

THE CONSTANT MULTIPLE RULE

4

If u is a differentiable function of x, and c is a constant, then di(cu) = cﬂ
X

dx

In particular, if n is a positive integer, then di(cx") =cn x"1
X

Example 1.

Example 2.

The derivative formula di(sz) = 3(2x) = 6x says that if we rescale the graph of y = x> by
X
multiplying each y—coordinate by 3, then we multiply the slope at each point by 3.

A useful special case. The derivative of the negative of a differentiable function is the negative
of the function’s derivative. Rule 3 with ¢ = —1 gives.

dy=day=a. dy=--24
W= g (LW =1 (W)= - ()
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RULE NO. 4 :

THE SUM RULE

4

The derivative of the sum of two differentiable functions is the sum of their derivatives.

If u and v are differentiable functions of x, then their sum u + v is differentiable at every point
where u and v are both differentiable functions is their derivatives.

d d du dv du dv
—@Wu-v)= —[u+(-v] = —+(-)—=—-—
dx( ) dx[ 1] dx ( )dx dx dx
The Sum Rule also extends to sums of more than two functions, as long as there are only
finitely many functions in the sum. If uz, uz,......... un are differentiable at x, then so is
d du, du du
Ur + Uz + ... +Un,and — (U, +U, +.....+lU ) = —2+—2 4. +—0,
P ! dx(1 2 ) dx  dx dx
Example 3. (@) y=x*+12x (b) y=x3+ gx2—5x+l
dy d,,, d dy d, s df4., d d
—=—(x")+—(12x —=—(X" )+ —| =X |-— (X)) +—(
dx dx( ) dx( ) dx dx( ) dx\ 3 dx( ) dx()
=4x3+ 12 :3x2+%.2x—5+0:3x2+§x—5.
Notice that we can differentiate any polynomial term by term, the way we differentiated the
polynomials in above example.
RULE NO. 5: THE PRODUCT RULE

4

If u and v are differentiable at x, then so is their product uv, and di (uv) = ud—V +v%.
X

dx  dx
The derivative of the product uv is u times the derivative of v plus v times the derivative of u.
In prime notation (uv)’ = uv’ + vu'’.
While the derivative of the sum of two functions is the sum of their derivatives, the derivative of
the product of two functions is not the product of their derivatives. For instance,

d_(i( (x.x) = d_dx (x?) = 2x, while d_dx (%). d_dx x)=11=1.

Example 1.

Solution :

Example 2.

Solution :

Find the derivatives of y = g (X2 +1) (x®+ 3).
From the product Rule with u =x? + 1 and v = x3 + 3, we find
di[(x2 +)(X* +3)] =(x2+ 1) (3x2) + (x3+ 3) (2x)

X

= 3x* + 3x? + 2x* + 6x = 5x* + 3x? + 6X.

Example can be done as well (perhaps better) by multiplying out the original expression for y and
differentiating the resulting polynomial. We now check : y=(x>+ 1) (x3+3)=x5+x3+3x>+ 3

dy = 5x* + 3x? + 6x.

dx

This is in agreement with our first calculation. There are times, however, when the product Rule
must be used. In the following examples. We have only numerical values to work with.

Let y = uv be the product of the functions u and v. Find y’(2) if u(2) = 3, u'(2) = -4, v(2) = 1, and
V'(2) = 2.

From the Product Rule, in the form y’ = (uv)’ = uv’ + vu’,

we have y'(2) =u(2) v'(2) +v(2)u’' (2) =(3) (2)+ (1) (-4)=6-4=2.
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RULE NO. 6:

THE QUOTIENT RULE

4

If u and v are differentiable at x, and v(x) = 0, then the quotient u/v is differentiable at x,

Jdu_av
and i(g] _ _dx i dx
dx\ v Y
Just as the derivative of the product of two differentiable functions is not the product of their
derivatives, the derivative of the quotient of two functions is not the quotient of their derivatives.

2
Example 1.  Find the derivative of y = t2 -1
t°+1
Solution : We apply the Quotient Rule withu=t2—1andv=12+1:
dy _ (¢ +D2t—(-D.2t _ d(u)_v(du/dt)-u(dv/dt) _ 200 +2t-2t° +2t . 4t
dt (t? +12)? dt\v) V2 (t? +2)° (2 +2)
RULE NO. 7 : DERIVATIVE OF SINE FUNCTION
ﬁ i(sinx) = COSX
dx
_ . dy _ d, . .
Example 1. (@ y=x2-sinx: —= = 2x——(sinx) Difference Rule
dx dx
= 2X — COS X
_ .oody _ ,d . .
(b) y=x2sinx:— =x2— (sinx) + 2xsinx  Product Rule
dx dx
= X2 cos X + 2X sin X
d, . .
. X.—(sinx) —sinx.1
() y=2%. dy _ Zdx - Quotient Rule
X dx X
_ XCOSX—sinx
X
RULE NO. 8 : DERIVATIVE OF COSINE FUNCTION
% i(cosx):—sinx
dx
Example 1. (&) y =5x+ cos X

dy _ d (5x) b4 (cosx) Sum Rule
dx dx dx
=5-sinx

(b) y = sinx cosx

ﬂ = sinx i (cosx) + cosx(sinx) i Product Rule
dx dx dx

= sinx (— sinx) + cosx (cosx) = cos?x — sin?x
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RULE NO. 9 : DERIVATIVES OF OTHER TRIGONOMETRIC FUNCTIONS
Because sin x and cos x are differentiable functions of x, the related functions

sin x

tan x = : sec x =
COS X Cos X
Cos X

cotx = — : COoSec X = —
sin x sin x

are differentiable at every value of x at which they are defined. There derivatives. Calculated
from the Quotient Rule, are given by the following formulas.

Rl (tan x) = sec? x ; Rl (sec x) = sec x tan x
dx dx

i (cot x) = — cosec? X ; i (cosec x) = — cosec x cot x
dx dx

Example 1. Find dy / dx if y = tan x.

d d (sin x cosxdi(sinx) —sin x di (cos x)
Solution : — (tanx) = — = X . X
dx dx \ cos x COS” X
_ cos xcos Xx—sinx(-sinx) _cos’x+sin’x _ 1 _
= > = 5 = ~— =sec?x
C0s” X Cos” X Cos‘ x
d _ d _ 5
Example 2. €) s (8x+cotx) =3+ s (cot x) = 3 — cosec? x
X X

(b) i L = i (2cosec x) =2 a (cosec x) =2(—cosec x cot X)= —2 cosecx cot X
dx {sin x dx dx

RULE NO. 10 : DERIVATIVE OF LOGARITHM AND EXPONENTIAL FUNCTIONS

d d X X
ﬁ d—X(Iogex)zi = d—x(e )=e

Example 1.y = €*. loge (X)

dy d X d X
&:&(e ) .log (x) +. &[Ioge x)] e =

dy =eX.Ioge(x)+e—
X X

RULE NO. 11 : CHAIN RULE OR “OUTSIDE INSIDE” RULE

dy _dy du
dx du  dx

It sometimes helps to think about the Chain Rule the following way. If y = f(g(x)),

Y- g0 .

In words : To find dy/dx , differentiate the “outside” function f and leave the “inside” g(x) alone ;
then multiply by the derivative of the inside.

We now know how to differentiate sin x and x2 — 4, but how do we differentiate a composite like
sin (x2 — 4)? The answer is, with the Chain Rule, which says that the derivative of the
composite of two differentiable functions is the product of their derivatives evaluated at
appropriate points. The Chain Rule is probably the most widely used differentiation rule in
mathematics. This section describes the rule and how to use it. We begin with examples.
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Solved Example

Example 1.

Solution :

Example 2.

Solution :

Example 3.

The function y = 6x — 10 = 2(3x — 5) is the composite of the functions y = 2u and u = 3x — 5.
How are the derivatives of these three functions related ?

y:ﬁ ﬂ: du

We have y — =
dx du dx
Since 6= 2.3, ﬂ: ﬂ . %
dx du dx
Is it an accident that d— = ﬂ % ?
dx du dx

If we think of the derivative as a rate of change, our intuition allows us to see that this
relationship is reasonable. For y = f(u) and u = g(x) , if y changes twice as fast as u and u
changes three times as fast as x, then we expect y to change six times as fast as x.

We sometimes have to use the Chain Rule two or more times to find a derivative. Here is an
example. Find the derivative of g(t) = tan (5 — sin 2t)

! — i _ 1
g'@) = . (tan(5— sin 2t)

= sec? (5—sin 2t).% (5 —sin 2t)

Derivative of
tan u with
u=5-sin 2t

Derivative of

5—-sinu

with u = 2t

=sec?(5—sin 2t) . (0 — (cos 2t).% (21)

=sec? (5—sin 2t) . (—cos 2t) . 2
= —2(cos 2t) sec? (5 — sin 2t)

(a) d (1=x)" = 1 (13 (—2x) u=1l-x2andn=1/4
dx 4
Function defined
on[-1,1]
—X

- 21— X2)3/4
\
derivative defined
only on (-1 ,1)
d d
(b) — sin 2x =cos 2x — (2x) =cos 2x . 2 = 2 cos 2X
dx dx

(c) % (A sin (ot + ¢)

= A cos (ot + ¢) % (ot + ¢) = Acos (ot + 9). ®. = A ® cos (ot + ¢)
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RULE NO. 12 : POWER CHAIN RULE

ﬁ If u(x) is a differentiable function and where n is a Real number, then u" is differentiable and

iun :nu"’lﬁ, vneR
dx dx

Example 1. (a) isin5 x =5 sin* x d (sin x) = 5 sin* x cos x
dx ax

(b) d (2x+1)3=-3(2x + 1) d 2x+1)=-3(2x+1)*(2)=-6 (2x + 1)*
dx dx

_3
(3x —2)?

d (1 \_d o i aiayove(ay oy 9 o1 2y ov2a) —
(C)&(Bx_zj—&ﬁx 2 =-1Bx=2)2 (3x~2) - =-1(3x -2

In part (c) we could also have found the derivative with the Quotient Rule.

Example 2. Find the value of di (Ax + B)"
X

Solution : Here u=Ax+B, = d—uA

d
X

d (Ax+B)"=n(Ax +B)"1 . A
dx

RULE NO. 13 : RADIAN VS. DEGREES

d . ,_d . X | _ 0w X )\ 0w o
— sin(x°) = —sin | — | = —— c0S| —— | = —— co0s(X°) .
dx dx 180 180 180,/ 180

i

Double differentiation

If f is differentiable function, then its derivative f ' is also a function, so f ' may have a derivative of its
own, denoted by (f" )" =" . This new function f " is called the second derivative of f because it is the
derivative of the derivative of f. Using Leibniz notation, we write the second derivative of y = f (x) as

i(ﬂj = ﬂ Another notation is f'(x) = D2f(x) = D3f(x)

dx{dx) dx?

INTERPRETATION OF DOUBLE DERIVATIVE

We can interpret f“(x) as the slope of the curve y = f'(x) at the point (x, f'(x)). In other words, it is the rate

of change of the slope of the original curve y = f(x).

In general, we can interpret a second derivative as a rate of change of a rate of change. The most

familiar example of this is acceleration, which we define as follows.

If s = s(t) is the position function of an object that moves in a straight line, we known that its first
ds

derivative represents the velocity v(t) of the object as a function of time : v(t) = s’ (t) = ot

The instantaneous rate of change of velocity with respect to time is called the acceleration a(t) of the
object. Thus, the acceleration function is the derivative of the velocity function and is therefore the

2
second derivative of the position function: a(t) = v'(t) = s”(t) or in Leibniz notation, a = % = %

/\
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Solved Example
Example 1. If f (x) = x cos x, find f"'(x).

Solution : Using the Product Rule, we have f'(x) = xdi (cos x) + cos xdi (x)
X X

= — X sin X + cos x

To find f” (x) we differentiate f' (x) : ' (x) :di (=X sin x + cos X)
X

d . . d d _ . o .
=—X— (sin X) + sin X — (= X) +— (COS X) = — X COS X — SiN X — Sin X = — X €C0S X — 2 sin X
dx dx dx

Example 2. The position of a particle is given by the equation s = f(t) = t3 — 6t2 + 9t where t is measured in

seconds and s in meters. Find the acceleration at time t. What is the acceleration after 4s ?

Solution : The velocity function is the derivative of the position function : s = f(t) = t® — 6t + 9t
= V()= gs_ 3t?—-12t+9
dt
. - . . _d’s_ dv _
The acceleration is the derivative of the velocity function: a (t) = prealies 6t — 12

= a(d)=6(4)-12=12m/s?

3.9.
3.9.1

Application of derivatives
differentiation as a rate of change

% is rate of change of ‘y’ with respect to X’ :
X

For examples :

@i v= % this means velocity ‘v’ is rate of change of displacement X’ with respect to time '

(i) a= Z—\: this means acceleration ‘a’ is rate of change of velocity ‘v’ with respect to time ‘t’ .

(i) F= % this means force ‘F’ is rate of change of momentum ‘p’ with respect to time ‘t’ .

(iv) T = % this means torque ‘t’ is rate of change of angular momentum ‘L’ with respect to time ‘t’

(v) Power = dd_VtV this means power ‘P’ is rate of change of work ‘W’ with respect to time

(vi) I= % this means current ‘T’ is rate of flow of charge ‘q’ with respect to time ‘t’

/\
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Solved Example

Example 1.

Solution :

Example 2.

Solution :

The area A of a circle is related to its diameter by the equation A = %DZ. How fast is the area

changing with respect to the diameter when the diameter is 10 m ?

The (instantaneous) rate of change of the area with respect to the diameter is g—g =Top = E

4 2
When D = 10 m, the area is changing at rate (x/2) 10 = 5 m?/m. This means that a small
change AD m in the diameter would result in a change of about 5tADm? in the area of the

circle.

Experimental and theoretical investigations revealed that the distance a body released from
rest falls in time t is proportional to the square of the amount of time it has fallen. We express
this by saying that
t (seconds) s (meters)
t=0 @ o
5

— 10
— 15
t=2 3 20
— 25
— 30
— 35
— 40
t=3 3 145
v

A ball bearing falling from rest

s= %gtz,
where s is distance and g is the acceleration due to Earth’s gravity. This equation holds in a
vacuum, where there is no air resistance, but it closely models the fall of dense, heavy objects
in air. Figure shows the free fall of a heavy ball bearing released from rest at time t = 0 sec.
(a) How many meters does the ball fall in the first 2 sec?

(b) What is its velocity, speed, and acceleration then?
(a) The free—fall equation is s = 4.9 t2. During the first 2 sec. the ball falls s(2) = 4.9(2)? = 19.6 m,

(b) Atany time t, velocity is derivative of displacement : v(t) = s’(t) = % (4.9t2) = 9.8 t.

Att =2, the velocity is v(2) = 19.6 m/sec in the downward (increasing s) direction.

The speed att = 2 is speed = |v(2)| = 19.6 m/sec.

2
a= d—? = 9.8 m/s?
dt
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3.9.2 Maxima and minima
Suppose a quantity y depends on another quantity x in a manner shown in the figure. It becomes
maximum at x1 and minimum at x2. At these points the tangent to the curve is parallel to the x-axis and

hence its slope is tan 6 = 0. Thus, at a maximum or a minimum, slope = % =0.
X

MAXIMA
Just before the maximum the slope is positive, at the maximum it is zero and just after the maximum it

is negative. Thus, % decreases at a maximum and hence the rate of change of % is negative at a
X X

. . d (dy .
maximum i.e. — | — | < 0 at maximum.
dx \ dx

ya

slope = m, = tang,
m,>m,>m,=0>m,>m;

O For maxima, as x increases the slope= X
decreases
. d (dy). o d’y
The quantity — | —= | is the rate of change of the slope. It is written as —-.
dx {dx dx
2

Conditions for maxima are: (a) ﬂ:o (b) d_)2/<0

dx dx
MINIMA

Similarly, at a minimum the slope changes from negative to positive. Hence with the increases of x. the slope is

increasing that means the rate of change of slope with respect to x is positive hence di [%} >0.
x \dx

AY
slope = m, = tane,
, M<m,<m,=0<m,<m,

So 62 ///94
~2 i V= 0_.
\ /,\’\ 7
>\\ //>\\
X
{ For minima, as x increases slope
increases.
- . d o
Conditions for minima are : (a) Y - 0 (b) r Z >0
X
Quite often it is known from the physical situation whether the quantity is a maximum or a minimum.
o .
The test on r 32/ may then be omitted.
X
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Solved Example

Example 1. Particle’s position as a function of time is given as x = 5t> — 9t + 3. Find out the maximum value
of position co-ordinate? Also, plot the graph.

Solution : Xx=5t2-9t+3
2—1(:10t—920 s t=9/10=0.9

2
Check, whether maxima or minima exists. ((jjTZ( =10>0

there exists a minima att= 0.9
Now, Check for the limiting values.

When t=0 ; x=3
t=0 ; X=o©
So, the maximum position co-ordinate does not exist.
Graph :
T“
X
(0,3)
0.9 s
-1.05— t—

Putting t = 0.9 in the equation x = 5(0.9)2 - 9(0.9) + 3 =-1.05
NOTE : If the coefficient of t2 is positive, the curve will open upside.

3.10. Solved examples on application of derivative

Example 1. Does the curve y = x* — 2x2 + 2 have any horizontal tangents ? If so, where ?

Solution : The horizontal tangents, if any, occur where the slope dy/dx is zero. To find these points. We

1. Calculate dy/dx : dy _d (x* — 2x2 + 2) = 4x3 — 4x
dx  dx

2. Solve the equation : % =0forx:4x3—4x=0
X

4x(x2-1)=0 ; x=0,1,-1
The curve y = x* — 2x2 + 2 has horizontal tangents at x = 0, 1 and —1. The corresponding points

on the curve are (0, 2) (1, 1) and (-1, 1). See figure.
y

y=x'-2x"+2

(0.2)

-1,1) (1,1)
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Example 2.

Solution :

Step-1.

Step-2.

Step-3.

Step-4.

Step-5.

Step-6.

A hot air balloon rising straight up from a level field is tracked by a range finder 500 ft from the
lift-off point. At the moment the range finder’s elevation angle is n/4, the angle is increasing at
the rate of 0.14 rad/min. How fast is the balloon rising at the moment ?

We answer the question in six steps.

do .
ot =0.14 rad / min
when 0 = %

dy

y| — = ?
dt
when 6 = —
Rangefinder LY []

500 feet

Draw a picture and name the variables and constants (Figure). The variables in the picture are
0 = the angle the range finder makes with the ground (radians).

y = the height of the balloon (feet).

We let t represent time and assume 6 and y to be differentiable functions of t.

The one constant in the picture is the distance from the range finder to the lift-off point (500 ft.)

There is no need to give it a special symbol s.

Write down the additional numerical information. % =0.14 rad/min when 6 =t / 4.

Write down what we are asked to find. We want dy/dt when 6 = n/4.

Write an equation that relates the variables y and 6. = tan 6, 5#{0 or y=>500tan 6.

Differentiate with respect to t using the Chain Rule. The result tells how dy/dt (which we want)

is related to do/dt (which we know).

ﬂ =500 sec? 0 @
dt

Evaluate with 6 = n/4 and d6/dt = 0.14 to find dy/dt.
2
%’ = 500(& ) (0.14) = (1000) (0.14) = 140 (secgz V2)
At the moment in question, the balloon is rising at the rate of 140 ft./min.
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Example 3.

Solution :

/\

A police cruiser, approaching a right-angled intersection from the north, is chasing a speeding

car that has turned the corner and is now moving straight east. When the Cruiser is 0.6 mi
north of the intersection and the car is 0.8 mi to the east, the police determine with radar that
the distance between them and the car is increasing at 20 mph. If the cruiser is moving at 60
mph at the instant of measurement, what is the speed of the car?

We carry out the steps of the basic strategy.

y

Situations when
x=0.8, y=0.6

ds _
at =20

Step-1. Picture and variables. We picture the car and cruiser in the coordinate plane, using the
positive x-axis as the eastbound highway and the positive y-axis as the northbound
highway (Figure). We let t represent time and set x = position of car at time t.

y = position of cruiser at time t, s = distance between car and cruiser at time t.
We assume X, y and s to be differentiable functions of t.

x = 0.8 mi,

. dy ds
= 0.6 mi, —= =—-60 mph, —=20 mph
y dt P dt P

(dy/dt is negative because y is decreasing.)

dx

Step-2. To find : —
dt

Step-3. How the variables are related : s2=x2 +y2 Pythagorean theorem

(The equation s = /x* +y* would also work.)

ds d

Step-4. Differentiate with respect to t. ZSE = 2x—X + ZyZ—i/ Chain Rule

dt

Step-5.

dt s dt dt 'XZ + y2 dt

Evaluate, with x = 0.8, y = 0.6, dy/dt = — 60, ds/dt = 20, and solve for dx/dt.

20 = ;[0_8% +(0'6)(_60)j —20=08% _gg 9X - 20£36_.4
(0.8)? +(0.6)2 dt dt dt 0.8
—_——

1

At the moment in question, the car’s speed is 70 mph.

‘ ! ®
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[a8]

4.

4.1.

INTEGRATION

In mathematics, for each mathematical operation, there has been defined an inverse operation.

For example - Inverse operation of addition is subtraction, inverse operation of multiplication is division
and inverse operation of square is square root. Similarly there is a inverse operation for differentiation
which is known as integration

Anti-derivatives OR Indefinite Integrals

Definitions :

A function F(x) is an antiderivative of a function f(x) if F"(x) = f(x) for all x in the domain of f.

The set of all antiderivatives of f is the indefinite integral of f with respect to X, denoted by
The function is the integrand.

x is the variable of integration

Integral sign\J. f(X)dX

| —
Integral of f

The symbol j is an integral sign. The function f is the integrand of the integral and x is the variable of

integration.

For example f(x) = x3then f'(x) = 3x2

So the integral of 3x? is x3

Similarly if f(x) = x3 + 4 then f'(x) = 3x2

So the integral of 3x2is x3 + 4

there for general integral of 3x2 is x3 + ¢ where c is a constant

One antiderivative F of a function f, the other antiderivatives of f differ from F by a constant. We indicate
this in integral notation in the following way :

j f(x)dx=F(x)+C. . (i)
The constant C is the constant of integration or arbitrary constant, Equation (1) is read, “The indefinite

integral of f with respect to x is F(x) + C.” When we find F(x) + C, we say that we have integrated f and
evaluated the integral.

Solved Example

Example 1. Evaluate I 2x dx.

/ an antiderivative of 2x

Solution : Jszx:szrC

the arbitrary constant

The formula x? + C generates all the antiderivatives of the function 2x. The function x? + 1, x* — r,

and x2 + V2 are all antiderivatives of the function 2x, as you can check by differentiation. Many of

the indefinite integrals needed in scientific work are found by reversing derivative formulas.

/\
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4.2.

Integral Formulas
Indefinite Integral

n+l

1. J.x”dx = +C, n#-1, nrational

n+1

2. jdx: J.ldx:x+C (special case)

3. [sin(Ax+B)dx :wﬁuc

sinkx ‘C

4. _[coskxdx =
5. J'secz xdx = tanx+C

6. jcoseczxdx=—cotx+C
7. jsecxtanxdx=secx+C

8. J'cosecxcotxdx =—-cosecx+C

1 1
9. -[(ax+b) _gln(ax+b)+C

Solved Example

Example 1.

Example 2. Right

XG
a) [x*dx==—+C
@ | -

(b) j%dx = [x2dx=2x"?+C=2{x+C

—C0S2X
—_—+

(c) Isiandx = C

X 1
d cos—dx = |cos—=xdx =
@ | . [ 5

Examples based on above formulas :

SN2 | - 25in§ +C

Reversed derivative formula

d Xn+1
—_ =x"
dx\n+1

d

—(x)=1

dx( )

d coskx ) _ .
— |- = sin kx
dx k

d (sinkxj

— = cos kx
dx

d
— tan x = sec? X

dx

d — 2
— (—cot x) = cosec? x
dx

d
— sec X = sec X tan X
dx

d
™ (—cosec x) = cosec x cot X
X

Formula 1 withn=5
Formula 1 with n=-1/2

Formula 2 with k =2

Formula 3 with k = 1/2

_[ X cosx dx=xsinx+cosx+C

Reason: The derivative of the right-hand side is the integrand:
d . : .
Check : ™ (x sin x + cos x + C) = x €cos X + sin X — sin X + 0 = X COS X.
X
Wrong : xcosxdx=xsinx+C
Reason: f The derivative of the right-hand side is not the integrand:
d . .
Check : s (x sin x + C) =x cos X + sin X + 0 X cos X.
X
® Reg. & Corp. Office : CG Tower, A-46 & 52, IPIA, Near City Mall, Jhalawar Road, Kota (Raj.)— 324005
/\ Resonance Website : www.resonance.ac.in | E-mail : contact@resonance.ac.in

Educating for better tomorrow

Toll Free : 1800 258 5555 | CIN : U80302RJ2007PLC024029

.


mailto:contact@resonance.ac.in
http://www.resonance.ac.in/reso/results/jee-main-2014.aspx

Mathematical Tools ﬂ_

g

4.3. Rules for Integration

RULE NO. 1: CONSTANT MULTIPLE RULE
A function is an antiderivative of a constant multiple kf of a function f if and only if it is k times
an antiderivative of f.
ka(x)dx =k I f(x)dx ; where k is a constant

Example 1. Rewriting the constant of integration I Ssecxtanxdx =5 j sec X tan x d x
Rule 1
=5 (secx + C) Formula 6
=5secx+5C First form
=5secx+C’ Shorter form, where C’ is 5C
=5secx+C Usual form—no prime. Since 5 times an arbitrary constant is an

arbitrary constant, we rename C’.
What about all the different forms in example? Each one gives all the antiderivatives of
f(x) = 5 sec x tan x. so each answer is correct. But the least complicated of the three, and the
usual choice, is
J' 5secxtanxdx=5secx+C.

Just as the Sum and Difference Rule for differentiation enables us to differentiate expressions
term by term, the Sum and Difference Rule for integration enables us to integrate expressions
term by term. When we do so, we combine the individual constants of integration into a single
arbitrary constant at the end.

RULE NO. 2 : SUM AND DIFFERENCE RULE

A function is an antiderivative of a sum or difference f +g if and only if it is the sum or

difference of an antiderivative of f an antiderivative of g.

[ 1700 =900 dx = [F(x)dx + [ g(x)dx
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Solved Example

Example 1. Term-by—term integration. Evaluate : j (x? — 2x + 5) dx.
Solution : If we recognize that (x3/3) — x2 + 5x is an antiderivative of x> — 2x + 5, we can evaluate the
integral as
antiderivative arbitrary constant
3
(X* = 2x + 5)dx = % —x*+5x+C
If we do not recognize the antiderivative right away, we can generate it term by term with the
sum and difference Rule:
X3
I(xz —2X+5)dx = J'xzdx— JZxdx+ J5dX= ?+ Ci1—Xx2+ Cz2+5x + Ca.
This formula is more complicated than it needs to be. If we combine Ci, Cz2 and Cs into a single
constant C = C1 + Cz + Cs, the formula simplifies to
3
X _xe+5x+C
3
and still gives all the antiderivatives there are. For this reason we recommend that you go right
to the final form even if you elect to integrate term by term. Write
X3
J‘(x2 —2X+5)dx = szdx— J2xdx + j5dx =3 X2+ 5x + C.
Find the simplest antiderivative you can for each part add the constant at the end.
Example 2. We can sometimes use trigonometric identities to transform integrals we do not know how to

evaluate into integrals we do know how to evaluate. The integral formulas for sin? x and cos? x
arise frequently in applications.

1-cos2x

_ 1-cos2x
2

2

(a) J‘sin2 xdx = J dx sin? x

%I(l—cost)dx=%jdx—% jcostdx

X 1) sin2x X sin2x
=2 2| =4 c=2 -2+ C
2 2 2 2 4
1+cos2x 1+cos2x
(b) Icoszxdx=J—dxcoszx =
2 2
X  sin2x . . .
= E+ +C As in part (a), but with a sign change
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Example 3. Find a body velocity from its acceleration and initial velocity. The acceleration of gravity near
the surface of the earth is 9.8 m/sec?. This means that the velocity v of a body falling freely in a
vacuum changes at the rate of % = 9.8 m/sec?. If the body is dropped from rest, what will its
velocity be t seconds after it is released?

Solution : In mathematical terms, we want to solve the initial value problem that consists of
The differential condition : % =98
The initial condition : v = 0 when t = 0 ( abbreviated as v (0) = 0)

We first solve the differential equation by integrating both sides with respect to t:

% =9.8 The differential equation

dv .

Iadt = I9.8dt Integrate with respect to t.

v+ C1=9.8t+C2 Integrals evaluated

v=9.8t+C. Constants combined as one
This last equation tells us that the body’s velocity t seconds into the fall is 9.8t + C m/sec.
For value of C : What value? We find out from the initial condition :

v=08t+C

0=9.80)+C v(0)=0

c=0.
Conclusion : The body’s velocity t seconds into the fall is

v =9.8t+ 0 = 9.8t m/sec.
The indefinite integral F(x) + C of the function f(x) gives the general solution y = F(x) + C of the
differential equation dy/dx = f(x). The general solution gives all the solutions of the equation
(there are infinitely many, one for each value of C). We solve the differential equation by finding
its general Solution : We then solve the initial value problem by finding the particular solution
that satisfies the initial condition y(Xo) = Yo (y has the value yo when X = Xo).

RULE NO. 3: RULE OF SUBSTITUTION

ﬁ [(90)) » g'(x) dx = [f(u)du 1. Substitute u = g(x), du = g'(x) dx.
=F(u) + C 2. Evaluate by finding an antiderivative F (u) of
f(u). (Any one will do.)
=F (g(x)) +C 3. Replace u by g(x).
Example 1. Evaluate J(x +2)°dx.

We can put the integral in the form ju”du
by substituting u=x+2, du=d(x+2)= di (X +2). dx = 1.dx = dx.
X

Then I(x+2)5dx= jusduu =X+ 2, du =dx

= % +C Integrate, using rule no. 3 with n = 5.

6
M + C. Replace u by x + 2.
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Example 2. Evaluate J‘\/1+ y? +2ydy = ju”zdu. Letu=1+y2 du=2ydy.

(1/2)+1

= Integrate, using rule no. 3 with n = 1/2.
1/2)+1
= %um +C Simpler form

%(1+ y?)*? + C Replace u by 1 +y2.

Example 3. Evaluate Icos (76 + 5) do = _[cosu-%du Letu=76+5, du=7de, (1/7) du = de.
= %_[cosudu With (1/7) out front, the integral is now in standard form.
= %sinu +C Integrate with respect to u.

= %sin (76 + 5) + C Replace u by 76 + 5.

Example 4.  Evaluate sz sin(x)®dx = Isin(x)3 * x2 dx
= jsin u~%du Let u = x3, du = 3x2dx, (1/3) du = x2dx.
= lj:sinudu
3
= % (-cosu)+C Integrate with respect to u.
1
= -3 cos(x®) +C Replace u by x3.
1 2
Example 5. I—z do = jsec 20 db sec 20 =
cos” 20 €0s20
:J.seczu . %du Let u = 260, du =2d6, d6 = (1/2)du.
-1 jsecz u du
2
1 .
= Etan u+C Integrate, using eq. (4).
= %tan 20+C Replace u by 26.

Check: i ltan26+(: = 1
do \ 2 2

d (tan 20) + 0 = 1. sec? 29-129 Chain Rule
do 2 do

1
cos?20

= 1-se02 202 =
2

Example 6. J‘sin4 tcostdt = Iu“du Let u =sint, du = cost dt.

5

c

+C Integrate with respect to u.

o

in°t

n

+C Replace u.

The success of the substitution method depends on finding a substitution that will change an
integral we cannot evaluate directly into one that we can. If the first substitution fails, we can
try to simplify the integrand further with an additional substitution or two.
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[a8]

4.4, DEFINITE INTEGRATION OR INTEGRATION WITH LIMITS
The function is the integrand.

Upper limit of integration\

Integral sign\J‘k_)f(X)dX
a

Lower limit of integration~"~—————
Integral of f fromato b

[169dx =[a(x)]" = a(b) - 9(a)

VT/here g(x) is the antiderivative of f(x) i.e. g"(x) = f(x)

X is the variable of integration

Solved Example
4 4 4
Example 1. j 3dx =3 j x=3[x]} =3[4-(-1)]=(3)(5)=15

nl2 nl2 _ T — —
'fo sinxdx =[—cosx ] " = —cos[ij+cos(0) =—0+1=1

(A

4.5. APPLICATION OF DEFINITE INTEGRAL : CALCULATION OF AREA OF A CURVE
From graph shown in figure if we divide whole area in infinitely small strips of dx width. We take a strip
at x position of dx width. Small ar?(a )of this strip dA = f(x) dx
X

So, the total area between the curve and x-axis
b
= sum of area of all strips = jf(x)dx

Let f(x) = O be continuous on [a, b]. The area of the region between the graph of f and the
X-axis is

b
A= [ f(x)dx
Solved Example

b
Example 1. Using an area to evaluate a definite integral I xdx O<ac<b.
a
Solution : We sketch the region under the curve y = x, a < x <b (figure) and see that it is a trapezoid with
height (b — a) and bases a and b. The value of the integral is the area of this trapezoid :
b——
y=x
b
a—-
a
¢} a b X
[¢b-a —|

The region in Example

b

[ xdx =(b-a)s =="-=".

a 2 2 2
Notice that x?/2 is an antiderivative of x, further evidence of a connection between
antiderivatives and summation.
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2n

Example 2. I= J.sin(6+<|>).de where ¢ is a constant. Then value of I :
0

(A) may be positive (B) may be negative

(C) may be zero (D) Always zero for any value of ¢
Answer : (D)

2n
Solution : jsin(e+¢)de

0

2n
= |-cos(6 +¢)|,

=—[cos (2n + ¢) — cos (9)]
= —[cosp —cos ¢] =0

Example 3. If x1 = 3sinwt and xz2 = 4coswt then

(A) % is independent of t

2

(B) Average value of <x1? + x> > fromt=0tot = 2 is 12.5

(O]
X1 2 X2 2_
© (?J *H =

2n .
(D) Average value of <x1.x2>fromt=0tot= T s zero

®
Answer : (BCD)
Solution : (A) % 3sinot =§tancot
X, 4cosot 4
It is dependent of t
(B) < X1? + x22 > = < 9sinwt + 16 cos?wt >
2n/® 2n/o
I sin® otdt j cos’ otdt
= 9 ° 2nl® +16 : 2nl®
[ dt [ dt
0 0
2n/® 2nl®
J 1- c0232(ot) dt I 1+ coZSZwt) dt
= 9 : 2nl® + 16 : 2nl®
[ at [ at
0 0
=9. 1 +16. l
2 2
=125 Ans.
2 2 . 2 2
©) Xy X2 3sinot + acosot ) _ sinwt + cos?nt =1 Ans.
3 4 3 4
(D) <X1 X2 > =< 3 sinmt . 4 coset > =6 < 2 sinotcosnt >
2nl®
I sin2pt dt
=6<sinot>=6-2-——— =6x0=0 Ans.

2nl®
j dt

0

® Reg. & Corp. Office : CG Tower, A-46 & 52, IPIA, Near City Mall, Jhalawar Road, Kota (Raj.)— 324005
/\ RESDI’]BI’]CE Website : www.resonance.ac.in | E-mail : contact@resonance.ac.in
Educating for better tomorrow Toll Free : 1800 258 5555 | CIN ; UB0302RJ2007PLC024029



mailto:contact@resonance.ac.in
http://www.resonance.ac.in/reso/results/jee-main-2014.aspx

Mathematical Tools ﬂ_

(A8
5.

5.1.

VECTOR

In physics we deal with two type of physical quantity one is scalar and other is vector. Each scalar
guantities has magnitude.

Magnitude of a physical quantity means product of numerical value and unit of that physical quantity.
For example mass = 4 kg

Magnitude of mass = 4 kg and unit of mass = kg

Example of scalar quantities : mass, speed, distance etc.

Scalar quantities can be added, subtracted and multiplied by simple laws of algebra.

Definition of Vector

If a physical quantity in addition to magnitude -

(a) has a specified direction. L

I I

(b) It should obey commutative law of additions A+B=B+A

(c) obeys the law of parallelogram of addition, then and then only it is said to be a vector. If any of the
above conditions is not satisfied the physical quantity cannot be a vector.
If a physical quantity is a vector it has a direction, but the converse may or may not be true, i.e. if a
physical quantity has a direction, it may or may not a be vector. example : pressure, surface tension
or current etc. have directions but are not vectors because they do not obey parallelogram law of
addition.

I I
The magnitude of a vector ( A) is the absolute value of a vector and is indicated by | A | or A.
Example of vector quantity : Displacement, velocity, acceleration, force etc.
Representation of vector :
Geometrically, the vector is represer_}:te? by a line with an arrow indicating the direction of vector as
ai » Head

+—— Length —
(magnitude)

I
Mathematically, vector is represented by A
Sometimes it is represented by bold letter A.

IMPORTANT POINTS :
F~ |f a vector is displaced parallel to itself it does not change (see Figure)

&7 R-B-C

Transition of a vector

X/Y 4 parallel to itself

&~ |f a vector is rotated through an angle other than multiple

?\07(?
0

A« B Rotation of a vector
of 2z (or 360°) it changes (see Figure).

” |f the frame of reference is translated or rotated the vector does not change (though its components
may change). (see Figure).

moving frame

%~ Two vectors are called equal if their magnitudes and directions are same, and they  represent
values of same physical quantity.

/\
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¥~ Angle between two vectors means smaller of the two angles between the vectors when they are placed
tail to tail by displacing either of the vectors parallel to itself (i.e., 0 < 6 < 7).

5.2.  Unit Vector
I
Unit vector is a vector which has a unit magnitude and points in a particular direction. Any vector ( A)
I
can be written as the product of unit vector (A ) in that direction and magnitude of the given vector.

1
! ~ ~ A
A=AA o A=—
A
A unit vector has no dimensions and unit. Unit vectors along the positive x-, y- and z-axes of a rectangular
coordinate system are denoted by i, j and lzrespectively such that | i =1 ] |=] k | =1.

Solved Example bbb . | |
Example 1. Three vectors A, B, C are shown in the figure. Find angle between (i) A and B, (i) B and
[Y)
C

1 I
C, (i) A and C.
-
A /
0
3 X X X
0 0
_Xa30 _X45
B C
I
Solution : To find the angle between two vectors we connect the tails of the two vectors. We can shift B

I I 1
such that tails of A, B and C are connected as shown in figure.

I I I 1
Now we can easily observe that angle between A and B is 60° B and C is 15° and between

I 1
Aand C is 75°.

Example 2. A unit vector along East is defined as i. A force of 10° dynes acts west wards. Represent the
force in terms of | .

I N
Solution : F =-10°%i dynes
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[a8]

5.3.  Multiplication of a Vector by a Scalar

I I I
Multiplying a vector A with a positive number A gives a vector B (= A A) whose magnitude is changed

I I
by the factor A but the direction is the same as that of A . Multiplying a vector A by a negative number

I I
A gives a vector B whose direction is opposite to the direction of A and whose magnitude is — A times.
Solved Example

Example 1.

Solution :

1 ! r
A physical quantity (m = 3kg) is multiplied by a vector a such that F =ma. Find the magnitude
I
and direction of F if
(i) @ =3m/s? East wards

(i) @ =-4m/szNorth wards

! r
(i) F=ma =3 x 3 ms2 Eastwards =9 N East wards

! r
(i) F =ma= 3 x (-4) N North wards = — 12N North wards = 12 N South wards

(A

5.4. Addition of Vectors
Addition of vectors is done by parallelogram law or the triangle law :

(@)

(b)

I I
Parallelogram law of addition of vectors : If two vectors A and B are represented by two
adjacent sides of a parallelogram both pointing outwards (and their tails coinciding) as shown. Then
the diagonal drawn through the intersection of the two vectors represents the resultant (i.e., vector

I I
sum of Aand B).

R = A% +B? + 2ABC0s6

I I
The direction of resultant vector from R is A given by
MN_ MN _ Bsind
PN PQ+QN A+Bcos6o

6 =tan Bsin®
A +Bcoso

tan ¢ =

Z Bsind

[} I
Triangle law of addition of vectors: To add two vectors A and B shift any of the two vectors

I I I I I
parallel to itself until the tail of B is at the head of A. The sum A + B is a vector R drawn from
I I I I I
the tail of Ato the head of B, i.e., A+B= R. As the figure formed is a triangle, this method is

called ‘triangle method’ of addition of vectors.

If the ‘triangle method’ is extended to add any number of vectors in one operation as shown. Then
the figure formed is a polygon and hence the name Polygon Law of addition of vectors is given to
such type of addition.

C o
D
C
s F A
R —
z R
> > > > > > > o> >
A+B=R R=A+B+C+D+E
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IMPORTANT POINTS :

¥~ To a vector only a vector of same type can be added that represents the same physical quantity
and the resultant is a vector of the same type.

¥~ As R = [A2 + B2 + 2AB c0s60]¥2 so R will be maximum when, cos 6 = max = 1, i.e., 6 = 0°, i.e.,
vectors are like or parallel and Rmax = A + B.

¥~ The resultant will be minimum if, cos 6 = min = -1, i.e., 6 = 180°, i.e., vectors are antiparallel and
Rmin = A ~ B.
F” |f the vectors A and B are orthogonal, i.e., 6 = 90°, R = A® +B?

¥~ As previously mentioned that the resultant of two vectors can have any value from (A ~ B) to (A+B)

depending on the angle between them and the magnitude of resultant decreases as 0 increases
0° to 180°

¥~ Minimum number of unequal coplanar vectors whose sum can be zero is three.

¥~ The resultant of three non-coplanar vectors can never be zero, or minimum number of non-
coplanar vectors whose sum can be zero is four.

¥~ Subtraction of a vector from a vector is the addition of negative vector, i.e.,
I I I I
A -B= A+(-B)
1 I I I
(a) From figure itis clear A—B that is equal to addition of A with reverse of B

/
> /9

A —

180°-0
e >
R -

|A—B| = [(A) + (B?) + 2AB cos (180° — O)]12

I I
|A-B|=+A%+B?-2ABcos0

(b) Change in a vector physical quantity means subtraction of initial vector from the final vector.

—)
_Vinitial
> —»: ; -
/Vfinal AV meal
=
f,
Vininal
Solved Example
Example 1. Find the resultant of two forces each having magnitude Fo, and angle between them is 6.
Solution : Fouan = F2 + B2+ 2F; cos 0

=2F (1+cos6)=2F (1+200522—1) =2F? XZcoszg

0
Fresuttant = 2Fo cOS E
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Example 2.

Solution :

Example 3.

Solution :

Example 4.

Solution :

I I I I I I I
Two non zero vectors A and B are such that| A+ B|=|A — B]|. Find angle between A and
B?
I I I I
| A+ B|=| A-B]| = A2+ B2+ 2AB cos 0 =A%+ B2-2AB cos 0

—  4ABcos0=0 = cos0=0 :e:g

I I I
The resultant of two velocity vectors A and B is perpendicular to A. Magnitude of Resultant is
I I I I
R equal to half magnitude of B . Find the angle between A and B ?
I I
Since R is perpendicular to A. Figure shows the three

I I I I I
vectors A, Band R .angle between Aand B isn—6

R B
sin @ = R_B_1 = 0=230°
B 2B 2 0
= angle between A and B is 150°. A

If the sum of two unit vectors is also a unit vector. Find the magnitude of their difference?

Let Aand B are the given unit vectors and R is their resultant then ||§ | = |A+ é|

1= J(AY +@BY +2|A[|B|cos6

1=1+1+2cos6 = cosez—%

| A= BI= J(AY +BF -2 AlIB|coso = \/1+1_2x1x1(—%) =3

5.5. Resolution of Vectors

I
If a and b be any two nonzero vectors in a plane with different directions

I I
and A be another vector in the same plane. A can be expressed as a sum 'B\ A 2
of two vectors - one obtained by multiplying a by a real number and the — H
] —>
other obtained by multiplying b by another real number. a ‘a

I I
A=hra + pb  (where A and p are real numbers)
I

I
We say that A has been resolved into two component vectors hamely Aa and ub

1 I 1 ! . . .
Aa and ub along a and b respectively. Hence one can resolve a given vector into two component

vectors along a set of two vectors — all the three lie in the same plane.

Resolution along rectangular component :
It is convenient to resolve a general vector along axes of a rectangular coordinate system using vectors

of unit magnitude, which we call as unit vectors. i, j,ﬁ are unit vector along x, y and
z-axis as shown in figure below:

y
4

z

®
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Resolution in two Dimension A /s
1 o

Consider a vector A that lies in xy plane as shown in figure, - $

1 1 I A

A=A +A

1 2 AS

I ~ I a 6

A=Al A=A

= ,IA:AX?+AY] A, =Acos 0

The quantities Ax and Ay are called x- and y-components of the vector.

Ax is itself not a vector but Axf is a vector and so is Ay]

y
ey
Az=Aj A i
A, =Asing :
0 L
A1=Axi x
A, =Acos 9

Ax=Acos 0 and Ay=Asin0
Its clear from above equation that a component of a vector can be positive, negative or zero depending
I
on the value of 6. A vector A can be specified in a plane by two ways :

(a) its magnitude A and the direction 0 it makes with the x-axis; or

A
b) its components Ax and A,. A =«/A2 +A2 . p=tant XL
( ) p X Yy X y A

Note: IfA=A«x = Ay=0andif A=Ay, = Ax=0.i.e., components of a vector perpendicular to
itself is always zero.

The rectangular components of each vector and those of the sum IC = ,IA + II3 are shown in figure.
We saw that

&: = ,IA + é is equivalent to both Cx = Ax + Bxand Cy = Ay + By

I
Resolution in three dimensions. A vector A in components along x-, y- and z-axis can be written as :

T T
OP~ OB "BP OoC CB ' BP
I

I I 1 I 1 I )] )
= A= A+ A +A=A+A+A, = AT+AJrAK

Ax=Acosa, Ay=Acos P, Az=Acosy

where cos a, cos § and cos y are termed as Direction Cosines of a

I
given vector A .cos? o +cos?f3 +cos?y=1

/\
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Solved Example

Example 1.

Solution :

Example 2.

Solution :

Example 3..

Solution :

Example 4.

Solution :

Example 5.

Solution :

A mass of 2 kg lies on an inclined plane as shown in figure. Resolve its weight along and
perpendicular to the plane.(Assume g = 10m/s?)

<9

)30°

Component along the plane

20sin30°, 7
, 20cos30°

30°

20N
=205sin 30 =103 N.
Component perpendicular to the plane = 20 cos 30 = 10N

A vector makes an angle of 30° with the horizontal. If horizontal component of the vector is 250.
Find magnitude of vector and its vertical component ?

I
Let vector is A

A= Acos300 =250 = AY3 - 500
2 N
Ay = Asin30° = 5#.0)( 1. 250 Acos30°
3 2 B
I ~ ~ ~ I I
A =i +2j-3k,when avector B is added to A, we get a unit vector along x-axis. Find the

value of B’? Also find its magnitude
A + B = |
B =i—A=i —(| +21 —3k)-—2] +3k: |B|- V(2 +(3)
In the above question find a unit vector along B ?
—2j+3k
J1_3
Vector A B and C have magnitude 5, 542 and 5 respectlvely, direction of A B and C are

towards east, North-East and North respectwely If i and j are unit vectors along East and
[}

g-B_
B

North respectively. Express the sum A + B + C in terms of i, j Also find magnitude and
dlrectlon of the resultant

A 5] I -5 ] North

. s B

B =542 cos45i +5J§ sin45j =5i +5j
1 I | ~ ~ a a A a
A+B+C=5i+5i+5j+5)=10i +10]

1 1 East
| A+ B+ C|= J(0)* +(10)? =102 A

tan 0 = % =1 = 0 = 45° from East
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Example 6.

Solution :

You walk 3 Km west and then 4 Km headed 60° north of east. Find your resultant displacement
(a) graphically and
(b) using vector components.

Picture the Problem : The triangle formed by the three vectors is not a right triangle, so the
magnitudes of the vectors are not related by the Pythagoras theorem. We find the resultant
graphically by drawing each of the displacements to scale and measuring the resultant
displacement.

N
g —
4cm C
60° 0
W Z — E
A
3cm S

(a) If we draw the first displacement vector 3 cm long and the second one 4 cm long, we find
the resultant vector to be about 3.5 cm long. Thus the magnitude of the resultant
displacement is 3.5 Km. The angle 6 made between the resultant displacement and the

west direction can then be measured with a protractor. It is about 75°.

(b)

1. Let ,IA be the first displacement and choose the x-axis to be in the easterly direction.
Compute Axand Ay , Ax=—-3,Ay=0

2. Similarly, compute the components of the second displacement Il_% Bx = 4cos 60° = 2,
By = 4 sin 60° = 2\/5
3. The components of the resultant displacement IC = ,IA + II3 are found by addition,
C = (-3+2) +(2B)j = | + 23]
4. The Pythagorean theorem gives the magnitude of (I: i

c= 12+(2\/§)2 - JI3-36

I
5. The ratio of Cy to Cx gives the tangent of the angle 6 between C and the x axis.

tan@z% = 0 =-—74°

Remark : Since the displacement (which is a vector) was asked for, the answer must include
either the magnitude and direction, or both components. in (b) we could have stopped at step 3
because the x and y components completely define the displacement vector. We converted to
the magnitude and direction to compare with the answer to part (a). Note that in step 5 of (b), a
calculator gives the angle as —74°. But the calculator can’t distinguish whether the x or y
components is negative. We noted on the figure that the resultant displacement makes an
angle of about 75° with the negative x axis and an angle of about 105° with the positive x axis.
This agrees with the results in (a) within the accuracy of our measurement.
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A

5.6.
5.6.1

Multiplication of Vectors
The scalar product

I 1 1 1 I I
The scalar product or dot product of any two vectors A and B, denoted as A. B (read Adot B) is
I I
defined as the product of their magnitude with cosine of angle between them. Thus, A. B = AB cos 6
{here 0 is the angle between the vectors}

PROPERTIES :

¥~ |t is always a scalar which is positive if angle between the vectors is acute (i.e. < 90°) and negative
if angle between them is obtuse (i.e. 90° < 6 < 180°)

1 I 1 1
&~ |tis commutative, i.e., A.B=B.A

I I 1 I I I 1
& Itis distributive, i.e. A.(B + C)=A.B+A.C
I
S AB
&~ As by definition A.B = AB cos 6. The angle between the vectors 6 = cos* {E}

I I
¥~ A. B =A(B cos 6) = B(A cos 0) . . . .
Geometrically, B cos 6 is the projection of B onto A and A cos 6 is the projection of A onto B as

I I I I I
shown. So A. B is the product of the magnitude of A and the component of Balong A and vice
versa.

I I
Component of B along A=B cosf =

)
2\
€A

>

A

I I
Component of A along B = A cos6 =

&~ Scalar product of two vectors will be maximum when cos 6 = max = 1, i.e., 0 = 0°, i.e., vectors are
parallel = (,IA . I|3 Jmax = AB

F” |f the scalar product of two nonzero vectors vanishes then the vectors are perpendicular.

¥~ The scalar product of a vector by itself is termed as self dot product and is given by
(,ID\)2 =,IA.,IA=AACOSO=AACOSO°=A2 = Azm

¥~ |n case of unit vector N,

n.Nn =1x1lxcos0°=1 = A.A=1i.

¥ In case of orthogonal unit vectors 7, j and |2; i ]= J k=k.i =0

1 1 a a ~ ~ A ~
A.B :(iAx+ jAy+ kAz)(le+ jBy+ sz):[AxBx+AyBy+AzBZ]

/\
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Solved Example

I ~ A~ ~ I N a ~

Example 1. If the Vectors P =ai +aj +3k and Q =ai—-2j — k are perpendicular to each other. Find

the value of a?

I I
Solution : If vectors P and Q are perpendicular
I I ~ A ~ ~ ~ ~

= P-Q=0 = (ai +aj+3k)(@i-2j-k)=0 = a?-2a-3=0

= a’-3a+a-3=0 = a@-3)+1(@a-3)=0 = a=-1,3
Example 2. Find the component of 37+ 4] along i+ j ?

| . o A-B .

Solution : Component of A along B is given by 5 hence required component

_@i+a)(+) _ 7

2 2
1 ~ a I ~ A
Example 3. Find angle between A =3i +4jand B=12i +5j ?
Solution : We have cos 6= 2B - (B1+4))-(12 +5))
AB  3244212% +52
cos 6 = 36+20 _ 56 e:cos—lﬁ
5x13 65 65

(8]

5.7. Vector Product

I I I I I I
The vector product or cross product of any two vectors A and B, denoted as AxB (read Across B)

I I
is definedas: A x B=ABsin0n.

Here 0 is the angle between the vectors and the direction n is given by the right-hand-thumb rule.

Right-Hand-Thumb Rule:

I I
To find the direction of 1, draw the two vectors A and B with both the tails coinciding. Now place your

I I
stretched right palm perpendicular to the plane of A and B in such a way that the fingers are along the

I I
vector A and when the fingers are closed they go towards B.

- > >
V=AxB

—>
n

_>
A

The direction of the thumb gives the direction of n .
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PROPERTIES :

F~ Vector product of two vectors is always a vector perpendlcular to the plane contamlng the two

vectors i.e. orthogonal to both the vectors A and B though the vectors A and B may or may not

be orthogonal.

I I I I
Vector product of two vectors is not commutative i.e., AxB = BxA.

But ‘Axé‘ = ‘éX/&‘ = AB sin 0

The vector product is distributive when the order of the vectors is strictly maintained i.e.

A><(II3+IC) = ,'A\XIB + ,IAXIC

The magnitude of vector product of two vectors will be maximum when sin6 = max = 1,
i.e., =900 | ,IAin% lnox= AB i.e., magnitude of vector product is maximum if the vectors are
orthogonal.

The magnitude of vector product of two non-zero vectors will be minimum when |sin6] = minimum = 0,
ie., 0= 0° or 180° and | AxB|
vectors are collinear.

Note : When 6 = Q° then vectors may be called as like vector or parallel vectors and when 6 = 180° then
vectors may be called as unlike vectors or antiparallel vectors.

=0 i.e., if the vector product of two non—zero vectors vanishes, the

The self cross product i.e. product of a vector by itself vanishes i.e. is a null vector.
Note : Null vector or zero vector : A vector of zero magnitude is called zero vector. The direction of

1 I R 1
a zero vector is in determinate (unspecified). AxA = AAsin0°n =0.

o A R 1 PN n 1
Incase of unitvector n, n xnN =0 = ixi=jxj=kxk=0
%~ In case of orthogonal unit vectors i, j and k in accordance with right-hand-thumb-rule,
ixj=k  jxk=i kxi=]j
/‘\ A
| / | ™
A
A k i
|
A
k
(A) (B)
¥~ In terms of components,
oo P R A A LA A LA A,
AxB =|A, A, A= -j|. 4k
B, B, B, B, B, B,
B, B, B,
I I ~ ~ ~
AxB = i(AB,-AB,)+j(AB,—AB,)+k(AB,-AB,)

I 1
%~ The magnitude of area of the parallelogram formed by the adjacent sides of vectors A and B equal
I 1
to | AxB|

/\
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Solved ExampleI . . .
Example 1. A is Eastwards and B is downwards. Find the direction of A x B?

I I
Solution : Applying right hand thumb rule we find that A x B is along North.

I I I I
Example 2. If A-B= x B, find angle between A and B

I
I I I I
A -B=| AxB|ABcos6=ABsin6

Solution : tan6=1 = 0=45°
I I
Example 3. Two vectors A and B are inclined to each other at an angle 6. Find a unit vector which is
I I
perpendicular to both Aand B
Solution : A x B=ABsinon = n= —— here n is perpendicular to both A and B.
ABsin@
I I I ~ ~ ~ I A ~ ~
Example 4. Find AxBif A=i-2j+4k and B =2i — j+2k.
I I ’I‘ ’j lz
Solution : AxB=[1 -2 4= (-4-(-4)-] (2-12)+ k(-1—(-6))=10] + 5k
2 -1 2

MISCELLANEOUS PROBLEMSS

Problem 1 Find the value of
(@) sin (-0) (b) cos (- 0) (c) tan (- 0) (d) cos (g— 0)
(e) sin (g +0) (f) cos (g+ 0) (g) sin (- 0) (h) cos (r — 0)
0] sin(E -0) )] cos(ﬁ—e) (k) sin(ﬁﬂ)) 0] cos(E +0)
2 2 2 2
/| T
m) tan(— -6 n)cot(—-06
(m) ( > ) (n) (2 )
Answers : (@ —sin6 (b) cos 6 (c)—tan© (d)sin 6
(e) cos 6 (f)—sin6 (g) sin6 (h) —cos 6
(i) —cos 6 (H—-sin6 (k) —cos 6 () sin 6
(m) cot © (n) tan 6
| ~ ~ ~ I a A~ ~
Problem 2 (i) For what value of mthe vector A=2i +3j —6k isperpendicularto B =3i —mj +6k
I N a N a
(i) Find the components of vector A=2i + 3] along the direction of | + j?
: . 5
Answers : i)m=-10 i) —.
(i) (ii) N
Problem 3 () ,IA is North—East and é is down wards, find the direction of ,IA X II3 .
1 I I ~ ~ ~ I ~ ~ ~
(i) Find B x Aif A=3i-2j+6kandB =i-j+k.
Answers : (i) North - West. (i) - 4i-3 ] +k
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Il Exercise-1
= Marked Questions can be used as Revision Questions.
* Marked Questions may have more than one correct option.

PART -1: FUNCTION & DIFFERENTIATION

Section (A) : Trigonometry and Function
A-1.  f(x) = cos x + sin x. Find f(n/2)

A-2.  Iff(x) = 4x + 3. Find f(f(2))

A-3. tanl5°is equilvalent to :

") 2-3) (B) (5+43) © [‘“ﬂ (D) [E”ﬁ]

2 2

A-4.  sin?0 is equivalent to :

1+cos6 1+cos20 1-cos20 cos20-1
A | —— B) | —— ©) | —— D) | ——
2 2 2 2

A-5. sinA . sin(A + B) is equal to

(A) cos?A . cosB + sinA sinZB (B) sin2A . %cosB + c0s2A . sinB

(C) sin?A . cosB + %sinZA . sinB (D) sin?A . sinB + cosA cos?B
A-6* = —sin0 is equivelent to :

(A) cos [g + ej (B) cos (g - ej (C) sin (6 — 1) (D) sin (x+0)
A-7*x If X1 = 8 sinB and x2 = 6¢cos0 then

(A) (X1 + x2)max = 10 (B) x1 + x2 =10 sin(6 + 37°)

(C) x1x2 = 24 sin26 0% = X tano

X, 3

Section (B) : Differentiation of Elementry Functions
Find the derivative of given functions w.r.t. corresponding independent variable.
B-1. y=x2+x+8 B-2. y=tanx+cotx

Find the first derivative & second derivative of given functions w.r.t. corresponding independent variable.
B-3. y=sinx+cos X B-4. y=0nx+e*

Section (C) : Differentiation by Product rule
Find derivative of given functions w.r.t. the independent variable x.
C-1. y=exinx C-2.  y=sinxcosXx

Section (D) : Differentiation by Quotient rule
Find derivative of given functions w.r.t. the independent variable.
2X+5 _ Inx

D-1. y=—— D-2. y=— D-3.= Yy = (secx + tanx) (secx — tanx)
3x-2 X
D-4.  Suppose u and v are functions of x that are differentiable at x = 0 and that
u(0) =5, u'(0) =-3, v(0)=-1 v'(0)=2
Find the values of the following derivatives at x = 0.
d d (u d (v d
a) — (uv b) — | — c) — | — d — (7v-2u
@ 4 @) ()dx(vj ()dx(uj (@) 5 ¢ )
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Section (E) : Differentiation by Chain rule

Find % as a function of x

E-1. y =sin 5x E-2. y =2 sin (oX + ¢) where o and ¢ constants
E-3= y=(4-3x)°

Section (F) : Differentiation of Implicit functions

Find ﬂ
dx

F-lwm (x+y)?=4 F-2m x?y+xy?=6

Section (G) : Differentiation as a rate measurement

G-1.  Suppose that the radius r and area A = nr? of a circle are differentiable functions of t.Write an equation
that relates dA/dt to dr/dt.

G-2.  Suppose that the radius r and surface area S = 4nr? of a sphere are differentiable functions of t. Write
an equation that relates ds to ﬂ
d dt
Section (H) : Maxima & Minima
H-1.  Particle's position as a function of time is given by x = — t? + 4t + 4 find the maximum value of position
co-ordinate of particle.

H-2.= Find the values of function 2x3 — 15 x2 + 36 x + 11 at the points of maximum and minimum

Section (I) : Miscellaneous

Giveny = f(u) and u = g(x), find %
X

I-1. y=2u3,u=8x-1 I-2. y=sinu,u=3x+1
[[3w y=6u-9,u= (1/2) x4 I-4. y =cosu, u = —X/3

PART -1l : INTEGRATION

Section (A) : Integration of elementry functions
Find integrals of given functions

A-lwm x2—2x+1 A-2.  3Yx +% A-3.  sec?x A-4.  cSC? X
X
1
A-5. sec X tan x A-6. —
3x

Section (B) : Integration by substitution method
Integrate by using the substitution suggested in bracket.

B-1. jx sin(2x?)dx, (use, u = 2x?) B-2.m jsec 2ttan2t dt, (use, u = 2t)
Integrate by using a suitable substitution
3 .

B-3.» dx B-4. sin(8z-5)dz

I(Z—x)z -[ ( )
Section (C) : Definite integration

-1 - 542 1
c1 [ = do c2. | rar C3am [e' dx

4 2 N2 0

Section (D) : Calculation of area
Use a definite integral to find the area of the region between the given curve and the x—axis on the interval [0, b]

D-1.  y=2x D-2. y :§+1
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Use a definite integral to find the area of the region between the given curve and the x—axis on the interval [0, «]

D-3. y=sinx D-4.= Yy = sin?x
Objective Questions

D-5*w 1= jsin(6+ $)do , where ¢ is non zero constant then the value of I :
0

(A) may be positive (B) may be negative (C) may be zero (D) always zero if ¢ = n/4

PART -1l : VECTOR

Section (A) : Definition of vector & angle between vectors

A-1= Vectors A, Band C are shown in figure. Find angle between
y

wl
>

45°

60°

ol

() A and B, (i) A and C, (i) B and C.

A-2.w= The forces, each numerically equal to 5 N, are acting as shown in the Figure. Find the angle between
forces?

5N
60°
5N
A-3. Rain is falling vertically downwards with a speed 5 m/s. If unit vector along upward is defined as j,
represent velocity of rain in vector form.

Section (B) : Addition of Vectors

B-1. A man walks 40 m North, then 30 m East and then 40 m South. Find the displacement from the starting
point?

B-2. A vector of magnitude 30 and direction eastwards is added with another vector of magnitude 40 and
direction Northwards. Find the magnitude and direction of resultant with the east.

B-3.  Two vectors a and b inclined at an angle 6 w.r.t. each other have a resultant ¢ which makes an angle
B with a. If the directions of a and b are interchanged, then the resultant will have the same
(A) magnitude (B) direction
(C) magnitude as well as direction (D) neither magnitude nor direction

B-4. Two vectors A and B liein a plane. Another vector C lies outside this plane (this plane is not parallel
to the plane containing A and B). The resultant A +B +C of these three vectors

(A) can be zero (B) cannot be zero
(C) lies in the plane of A&B (D) lies in the plane of A& A+ B

B-5.= The vector sum of the forces of 10 N and 6 N can be
(A)2N (B) 8N (C)18N (D) 20 N.

B-6. A set of vectors taken in a given order gives a closed polygon. Then the resultant of these vectors is a
(A) scalar quantity (B) pseudo vector (C) unit vector (D) null vector.

B-7.  The vector sum of two force P and Q is minimum when the angle 6 between their positive directions, is
(A) /4 (B) /3 (C) n/2 (D) =.
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B-8.» The vector sum of two vectors A and B is maximum, then the angle 6 between two vectors is -
(A) 0° (B) 30° (C) 45° (D) 60°

B-9. Given: C = A+B. Also, the magnitude of A, B and C are 12, 5 and 13 units respectively. The angle

between A and B is
(A) 0° (B) /4 (C) n/2 (D) .

B-10. IfP + Q = P — Q and 0 is the angle between P and Q, then
(A) 6 = 0° (B) 0 = 90° C)P=0 D)Q=0

B-11. The sum and difference of two perpendicular vectors of equal lengths are
(A) of equal lengths and have an acute angle between them
(B) of equal length and have an obtuse angle between them
(C) also perpendicular to each other and are of different lengths
(D) also perpendicular to each other and are of equal lengths.
Section (C) : Resolution of Vectors
C-1.» Find the magnitude of 31 + 2] +Kk?

C-2.  What are the x and the y components of a 25 m displacement at an angle of 210° with the x-axis (anti

clockwise)?
y

C-3. One of the rectangular components of a velocity of 60 km h= is 30 km h-1. Find other rectangular
component?

C-4. If0.57 + 0.8] + CK is a unit vector. Find the value of C

C-5.=. The rectangular components of a vector are (2, 2). The corresponding rectangular components of
another vector are (1, J§ ). Find the angle between the two vectors

C-6. The x and y components of a force are 2 N and — 3 N. The force is

(A)2i -3] (B)2i +3] (C)-2i -3]j (D)3i +2]j
C-7.a The vector joining the points A(1, 1, —1) and B(2, -3, 4) and pointing from A to B is -

(A)— i+4] —5k (B) i+4] +5Kk (C) i-4] +5k (D)- i—-4] —5Kk.
Section (D) : Products of Vectors
D-1. IfA=i+j+kandB=2i+ jfind(a) A.B (b) AxB
D-2. If|A|=4,|B|=3and0=60°in the figure, Find (a) A.B (b) |AxB]|

B

—

A

D-3.= Three non zero vectors A, B & C satisfy the relation A.B =0& A.C =0.Then A can be parallel to:
(A) B (B) C (C)B.C (D) BxC
D-4.*= The magnitude of scalar product of two vectors is 8 and that of vector product is 8+/3. The angle

between them is :
(A) 30° (B) 60° (C) 120° (D) 150°
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Bl Exercise-2 |

= Marked Questions can be used as Revision Questions.
* Marked Questions may have more than one correct option.

PART -1: FUNCTION & DIFFERENTIATION

1w If f(x) = X—_l then find f {f(x)}
X+1

2x-3 .
2. =f(x) = ——— . Find f
y=f=-— v)

Objective Questions

3= For a triangle shown in the figure, side CA is 10 m, angle £A and angle ZC are equal then :
B

C b=10m A
(A) side a =side c=10m (B) side a # side ¢
(C) side a=side c = %m (D) side a=side c = Em
3 2
4%, If y1 = Asin6: and y2 = Asinfz then

(A) y1 + y2 = 2A sin (@j cos (%} (B) y1 + y2 = 2Asin01 sind2

(C) y1—y2=2Asin (%j cos (%j (D) y1.y2=—2A2 cos(g + elj.cos(g - 92)

5*, Which of following are true
(A) sin 37° + cos 37° = sin 53° + c0s53°
(C)tan37°+1=tan53° -1

(D)tan 37° xtan 53° =1

(B) sin 37° — cos 37° = cos 53° — sin 53°

6w IfR2=A2+ B2+ 2AB cos 9, if |A| = |B| then value of magntitude of R is equivalent to :

(A) 2Acos6 (B) A cos 6/2 (C) 2Acos 6/2 (D) 2Bcos 6/2
Find the first derivative and second derivative of given functions w.r.t. the independent variable x.
7w y=0nx2+sinx 8. y = Ux +tanx

Find derivative of given functions w.r.t. the corresponding independent variable.

100m. r=(1+secH)sino

Find derivative of given functions w.r.t. the respective independent variable.

9. y=(x+lj(x—1+1)
X X
11. _ cot x
1+ cot x
Find ﬂ as a function of x
dx
13. y = sind x + sin 3x
15=  q= v2r—r? , find ?
r
Find ﬂ
dx

/nx + e*
tanx

12w

14, sin? (x2 + 1)
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16.=
17.

18.=
19.

x3 +y3 =18 xy

The radius r and height h of a circular cylinder are related to the cylinder’s volume V by the formula

V = nr2h.

(a) If height is increasing at a rate of 5 m/s while radius is constant, Find rate of increase of volume of
cylinder.

(b) If radius is increasing at a rate of 5 m/s while height is constant, Find rate of increase of volume of
cylinder.

(c) If height is increasing at a rate of 5 m/s and radius is increasing at a rate of 5 m/s, Find rate of
increase of volume of cylinder.

Find two positive numbers x & y such that x + y = 60 and xy is maximum -

A sheet of area 40 m? in used to make an open tank with a square base, then find the dimensions of
the base such that volume of this tank is maximum.

PART -1l : INTEGRATION

Find integrals of given functions.

1.

jx‘3 (x+1) dx 2. j(l— cot?® x) dx 3xn jcos 6(tan® +secO) do

Integrate by using the substitution suggested in bracket

4.

5.

6.2

12.

IlZ(y“ +4y? +1)%(y? +2y) dy, (use, u = y* + 4y2 +1)

J' dx
\/5x+8
(&) Usingu=5x+8 (b) Using u = +/5x+8
Integrate by using suitable substitution.
J\/S—Zs ds 7.a jsecz(3x+2) dx 8. J'csc(o—;njcot(o;tj dv
2n 3/7
[2Cst 10. [ edo 11m | x2dx
(2 +sint) | 5
N 1
j xsinx?dx 13. .f dx
0 0 3X+2

Use a definite integral to find the area of the region between the given curve and the x—axis on the interval [0, b],

14. y = 3x?
PART - lll : VECTOR
SUBJECTIVE QUESTIONS
1= Vector A points N — E and its magnitude is 3 kg ms it is multiplied by the scalar A such that
= —4 second. Find the direction and magnitude of the new vector quantity. Does it represent the same
physical quantity or not ?
2. A force of 30 N is inclined at an angle 6 to the horizontal. If its vertical component is 18 N, find the
horizontal component & the value of 6.
3. Two vectors acting in the opposite directions have a resultant of 10 units. If they act at right angles to
each other, then the resultant is 50 units. Calculate the magnitude of two vectors.
4, The angle 6 between directions of forces A and B is 90° where A = 8 dyne and B = 6 dyne. If the

resultant R makes an angle o with A then find the value of ‘o’ ?

/\
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5. Find the resultant of the three vectors OA , OB and OC each of magnitude r as shown in figure?
A

B
r450r
45°
or ¢
i

6= IfA=37+4jandB =i + j +2Kk then find out unit vector along A+B.

7.5 The x and y components of vector A are 4m and 6m respectively. The X, y components of vector

A+B are 10m and 9m respectively. Find the length of B and angle that B makes with the x axis.

OBJECTIVE QUESTIONS
Single choice type

8. A vector is not changed if
(A) it is displaced parallel to itself (B) it is rotated through an arbitrary angle
(C) it is cross-multiplied by a unit vector (D) it is multiplied by an arbitrary scalar.
9. If the angle between two forces increases, the magnitude of their resultant
(A) decreases (B) increases
(C) remains unchanged (D) first decreases and then increases
10. A car is moving on a straight road due north with a uniform speed of 50 km h-! when it turns left through
90°. If the speed remains unchanged after turning, the change in the velocity of the car in the turning
process is
(A) zero (B) 502 km h-1 S-W direction
(C) 502 km h-2 N-W direction (D) 50 km h-* due west.
11. Which of the following sets of displacements might be capable of bringing a car to its returning point?
(A) 5, 10, 30 and 50 km (B)5,9,9and 16 km
(C) 40, 40, 90 and 200 km (D) 10, 20, 40 and 90 km
12.= When two vector a and b are added, the magnitude of the resultant vector is always
(A) greater than (a + b) (B) less than or equal to (a + b)
(C) less than (a + b) (D) equal to (a + b)
13.=  If|A+ B|=|A|=|B]|, then the angle between Aand B is
(A) Q° (B) 60° (C) 90° (D) 1200°.
14. Given: a+b+¢ = 0. Out of the three vectors a, b and ¢ two are equal in magnitude. The magnitude

of the third vector is +/2 times that of either of the two having equal magnitude. The angles between
the vectors are:

(A) 900, 135°, 135° (B) 30°, 60°, 90° (C) 45°, 45°, 90° (D) 45°, 60°, 90°

15. Vector A is of length 2 cm and is 60° above the x-axis in the first quadrant. Vector B is of length 2 cm
and 60° below the x-axis in the fourth quadrant. The sum A + B is a vector of magnitude -
(A) 2 along + y-axis (B) 2 along + x-axis (C) 1 along — x axis (D) 2 along — x axis

16. Six forces, 9.81 N each, acting at a point are coplanar. If the angles between neighboring forces are
equal, then the resultant is
(A)ON (B) 9.81 N (C)2x9.81N (D) 3x9.81 N.

17 Avector A points vertically downward & B points towards east, then the vector product AxB is
(A) along west (B) along east (C) zero (D) along south
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More than one choice type

18. In the Figure which of the ways indicated for combining the x and y components of vector a are proper
to determine that vector?
y y y
éx : éx - Ax «
...... X <4 |_
() a, (i A, (i) &
a a a
y
y y
. ay
vy 3 ® V) a,
a
y
a,
(A) (iii) (B) (iv) (C) (vi) (D) (i), (i) and (v).
19. Let 2 and b be two non-null vectors such that |a+b| = |a—2b|. Then the value of lal may be :
(A) 1/4 (B) 1/8 ©)1 (D) 2
Il Exercise-3
w Marked Questions can be used as Revision Questions.
PART -1: MATCH THE COLUMN
1w Match the integrals (given in column-II) with the given functions (in column-I)
Column-I Column-II
(A) jsecxtanxdx (p) — W+ C
cotKx
(B)jcosechcothdx (q) - m +C
(C) f cosec > Kxdx (r)secx+C
(D)jcostdx (s) SInKX+C
2= Match the statements given in column-I with statements given in column-II
Column-I Column-II
(A) if |[A|=|B| and |A+ B|=|A|then angle between Aand B is (p) 90°
(B) Magnitude of resultant of two forces |F,| =8N and |F, | =4 N may be (q) 120°
(C) Angle between A =2i+2] & B=3K is (r) 12 N
(D) Magnitude of resultant of vectors A=2i+] & B=3K is (s) V14
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PART -1l : COMPREHENSION

COMPREHENSION-1

KR\

A particle is moving along positive x-axis. Its position varies as x = t3 — 3t2 + 12t + 20, where X is in
meters and t is in seconds.

Initial velocity of the particle is.

(A) 1 m/s (B) 3 m/s (C) 12 m/s (D) 20 m/s
Initial acceleration of the particle is
(A) Zero (B) 1 m/s? (C) — 3m/s? (D) —6 m/s?

Velocity of the particle when its acceleration zero is
(A) 1 m/s (B) 3m/s (C) 6 mis (D) 9 m/s

COMPREHENSION-2

Two forces Iflz 2i+ 2] N and IE2 = 3] +4k Nare acting on a patrticle.

4xn The resultant force acting on particle is :
(A) 2i+5]+4k (B) 2i —5)—4k (C) i-3j-2k (D) i-j-k
53  The angle between F, & F, is :
(A) 6 =cos™? (i (B) 6 = cos™? (ij (C)6=cos™? [i] (D) 6 =cos™ E
2.5 52 35 5
6.= The component of force IE1 along force IE2 is :
5 5 6 5
A) — B) — C) — D) —
(A) 5 (B) 3 (©) = (D) >
PART - lll : ASSERTION / REASON
1. Statement-1 : A vector is a quantity that has both magnitude and direction and obeys the triangle law
of addition.
Statement-2 : The magnitude of the resultant vector of two given vectors can never be less than the
magnitude of any of the given vector.
(A) Statement-1 is True, Statement-2 is True; Statement-2 is a correct explanation for Statement-1.
(B) Statement-1 is True, Statement-2 is True; Statement-2 is NOT a correct explanation for Statement-1
(C) Statement-1 is True, Statement-2 is False
(D) Statement-1 is False, Statement-2 is True
2. Statement-1 : If the rectangular components of a force are 8 N and 6N, then the magnitude of the force
is 10N.
Statement-2 : If |A|=|B|=1then | AxB[? +| A.B*=1.
(A) Statement-1 is True, Statement-2 is True; Statement-2 is a correct explanation for Statement-1.
(B) Statement-1 is True, Statement-2 is True; Statement-2 is NOT a correct explanation for Statement-1
(C) Statement-1 is True, Statement-2 is False
(D) Statement-1 is False, Statement-2 is True
3. Statement-1 : If three non zero vectors A, B and C satisfy the relation A-B=0 & A-C =0 then the

vector A is parallel to BxC .

Statement-2: A LB and AL C and BxC =0 hence A is perpendicular to plane formed by B and C.
(A) Statement-1 is True, Statement-2 is True; Statement-2 is a correct explanation for Statement-1.

(B) Statement-1 is True, Statement-2 is True; Statement-2 is NOT a correct explanation for Statement-1
(C) Statement-1 is True, Statement-2 is False

/\
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(D) Statement-1 is False, Statement-2 is True

4. Statement-1 : The minimum number of non-zero vectors of unequal magnitude required to produce
zero resultant is three.
Statement-2 : Three vectors of unequal magnitude which can be represented by the three sides of a
triangle taken in order, produce zero resultant.
(A) Statement-1 is True, Statement-2 is True; Statement-2 is a correct explanation for Statement-1.
(B) Statement-1 is True, Statement-2 is True; Statement-2 is NOT a correct explanation for Statement-1
(C) Statement-1 is True, Statement-2 is False
(D) Statement-1 is False, Statement-2 is True
5. Statement-1 : The angle between the two vectors (i + j) and (k) is g radian.
. S . [AB
Statement-2 : Angle between two vectors (| + j) and (k) is given by 6 = cos (EJ
(A) Statement-1 is True, Statement-2 is True; Statement-2 is a correct explanation for Statement-1.
(B) Statement-1 is True, Statement-2 is True; Statement-2 is NOT a correct explanation for Statement-1
(C) Statement-1 is True, Statement-2 is False
(D) Statement-1 is False, Statement-2 is True
6. Statement-1 : Distance is a scalar quantity.
Statement-2 : Distance is the length of path transversed.
(A) Statement-1 is True, Statement-2 is True; Statement-2 is a correct explanation for Statement-1.
(B) Statement-1 is True, Statement-2 is True; Statement-2 is NOT a correct explanation for Statement-1
(C) Statement-1 is True, Statement-2 is False
(D) Statement-1 is False, Statement-2 is True
PART - IV : TRUE / FALSE
1. State True or False

(i) f(x)=—"f(x) for some function f.
(i) f(x) = f'(x) for some function f.
(iii) If A& B are two force vectors then A.B = B.A

(iv) If A& B are two non-zero force vectors then Ax B= Bx A
(v) If the vector product of two non-zero vectors vanishes, the vectors are collinear.

PART -V : FILL IN THE BLANKS

Fill in the blanks

1.

The magnitude of sum of three vectors A, B and C representing the sides of a cube of length A is
equalto ......ooeeeeeeeenen. .

ol
Wl

4

If A= 3?+4] and B = 7T+24], then the vector having the same magnitude as B and parallel to A is

/\
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/\

4. The magnitude of area of the parallelogram formed by the adjacent sides of vectors A =3i+ 2] and
B=2i —4K iS cooovrrrrrrns

5 If A S oo, to B, then A.B =0

6. The vector A= T+], where i and j are unit vectors along x-axis and y-axis respectively, makes an
angle of .................. degree with x-axis.

7. Two vectors A and B are defined as A = ai and B = o (coseti + sin ot]), where o is a constant

and o =n/6rad s If|A + B|= +3|A — B| attime t = t for the first time, the value of t, in second, is

[JEE (Advanced) 2018; P-1, 3/60]

EXERCISE-1
PART - |
Section (A):
Al 1 A-2. 47 A3, (A

A-4. (C) A5, (C) A-6. (ACD)
A-7.  (ABCD)

Section (B):
B-1. ﬂ =2x+1
dx
B-2. sec?x - cosec? x
2
B-3. ﬂ:cosx—sinx,d—z = —sin X — COS X
dx dx
2
B-4. ﬂ=l+ex,dy =—i+eX
dx X dx? X2
Section (C):
C-1. e* 0nx +& C-2.  cos2x — sin®x
X
Section (D) :
D-1. y'= ;92 D-2. i_én_zx
(3x-2) x* X
p3. ¥ -g
dx

D-4. (a)13 (b)-7 () 2—75 (d) 20

Section (E) :

E-1. 5 cos 5x

E-2. 2wcos(oXx + ¢)

E-3. d__ 27(4 — 3x)8
dx

Section (F) :
-2xy -y

F-1. dy/dx = -1 F-2. >
X+ 2xy

Section (G) :
1 YA, d G2 IS_gu I
dt dt dt dt
Section (H) :
H-1. 8 H-2. Ymax = 39, Ymin = 38
Section (I) :
I-1. 48 (8x — 1)? I-2. 3cos (3x+1)
3. 12%¢. ra, W o LgpX
dx 3 3
PART - I
Section (A):
3 4/3 2/3
A-1. X——x2+x+c A-2. 3x +3X +cC
3 4
A-3. tanx +c A-4. —cotx+c
A-5. secx+c A-6. %énx +cC
Section (B):
1 1
B-1. _ZCOS (2x?)+C B-2. > sec2t+C
B3 > +c B4 -95B279 ¢
2-X
Section (C):
C-1. 3—2“ C-2. 24 C3. e-1
Section (D) :

D-1.  Using n subintervals of length Ax = 9 and
n

right— endpoint values :
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b
Area = I 2x dx = b? units
0

2
D-2. b— +bs= b4 +b) units

4 4
D-3. 2 units D-4. 7/2 units
D-5. (ABC)

PART - Il

Section (A) :
A-1. (i) 105°, (i) 1500, (iii) 105°.
A-2.  120° A-3.  V,=-5]
Section (B):

B-1. 30 m East

B-2. 50, 53° with East

B-3. (A B-4. (B) B-5. (B)
B-6. (D) B-7. (D) B-8. (A)
B-9. (C) B-10. (D) B-11. (D)

Section (C):

c-1. 14

C-2. — 25 cos 30° and —-25 sin 30°

C-3. 303 kmh Cc-4. i%

C5 15 C6. (A) C-7. (C)

Section (D) :
D-1. (a)3 (b)—i +2] -k
D-2. (a)6 (b) 63

D-3. (D) D4 (B)

EXERCISE-2
PART -1
1. -1/x 2. X 3. (©)
(AC) 5 (ABD) 6. (CD)
2 j—
7. ﬂzz +cosx,d—y=—§—sinx
dx x dx? X
_s 13
7 2 _ -8
8. dy _x7 + sec?x, dy_-6 X 7 +2tanxsec?x
dx 7 dx* 49
9. a 1+2x + 2_ 1
dx x3 x?

10. dr/d0d = cos 0 + sec20

11.

12.

13.
14.

15.

17.

18.

19.

10.

13.

—csc? x
(1+ cotx)®

tanx (ex + )1(} —sec? x(e” + ¢nx)

tan® x

3sin2x cos x + 3cos 3x
4x sin (x2 + 1) cos (x2 + 1)

1-r 16 ﬂ = M
for _2 ' dx 3y*-18x
(a) Ly e
dt dt
(b) d—V = 2zhr ﬂ =10nrh
dt dt
(©) d_V = nr2 @ + 2nhrﬂ =5nr2 + 10xrh
dt dt dt
x=30&y=30
_ 40
X=,[—m
3
PART - |l
_l_ 1 +C
X 2x°

2x+cotx+C
—cosO+0+C
(y*+4y?+1)3+C

{é\/5X+8}FC
1
—5(3— 2s)32 +C

%tan Bx+2)+C

-2 csc (U;nj +C
-3 .\
(2 +sint)?

3n?
2

11. 713 12. 1
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14. Using n subintervals of length Ax = b/n and PART - IV
right—end point values: 1. 0] T (i) T (iii) T
b (v) F v) T
Area :j 3x2 dx = b3
° PART -V
1. (/3)A 2. 15i +20j .
3. Null vector 4. V224 units
PART - Il 5. Perpendicular. 6. 45°
1. No it does not represent the same physical 7. 2.00
guantity.
2. 24 N; 37° approx.
P =40; Q=30 4, 37°
5. (L ++2) 6. Ai+5i+2K
\45
1
7. 345, tant > 8. (A)
9. (A) 10. (B) 11. (B)

12.  (B) 13. (D) 14. (A
15.  (B) 16. (A) 17. (D)
18. (ABC) 19. (D)

EXERCISE-3
PART - |
1. (A)—>r,(B)—>p,(C)—>q,(D) —»s
2. (A)>q,B)—>r,(C)—>p, (D) —>s
PART - 1l
1. (C) 2. (D) 3. (D)
4, (A) 5. (B) 6. ©
PART - 1l
1. (C) 2. (B) 3. (D)
4, (A) 5. (A) 6. (A)
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Il High Level Problems (HLP] |

w Marked Questions can be used as Revision Questions.

PART -1 : DIFFERENTIATION

Find the derivative of functions using quotient rule.

x> -4
1. X) =
909 x+0.5
2. Suppose u and v are differentiable functions of x and that
u(l) =2, u@)=0 v(1)=5 v(1)=-1.
Find the values of the following derivatives at x = 1.
d d (u d (v d
a) — (uv b) — | — c) — | — d — (7v-2u).
()dx() ()dx(vj ()dx(uj ()dx( )
Find E
dt
3 <= 1+ cosect 4 5= sint
1-cosect 1-cost
. dy .
Find — as a function of x.
dx
5. y = sin®x 6. y =5 cos™x.
Find the derivatives of the functions
7. r = (cosecoO + cotf)! 8. r = — (seco + tan0)!

PART - Il : INTEGRATION

Find an antiderivative for each function. Do as many as you can mentally. Check your answer by differentiation.

1. (a) csc x cot x (b) — csc 5x cot 5x (c)—mcsc %X cot %X

2. (1 +2 cos x)?

Evaluating Integrals.
Check your answers by differentiation.

o2 2 .
3. J‘{7+ﬁ dx 4, _[ 8y—W dy 5. j2x(1—x ) dx
2
6. _[(—3 csc?x) dx 7. j _3€C X dx 8. IM de
3 2
9. j%sece tand do 10. J'(4secxtanx—25ecz X) dx
11. J%(csczx—cscxcotx) dx 12. J'(sin2x—cscz X) dx
13. j(2c052x—3sin3x)dx 14. J4sin2y dy 15. ILCG
cscO—sin®
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Evaluate Integrals by substitution method.

16.

19.

22.

24,

1 .5 X X
ds 17. 3y 7-3y* d 18. sin® = cos= dx.
'[\/53+4 I y . j 3 3
3 5 53
J'tan7§seczf dx 20. _[rz (r__ ] dr 21. _[r“ [7——} dr
2 2 18 10

jxl’3sin(x4’3—8)dx. 23. _[csc cot| 2= |dv
2 2

secztanz 1 1
Jcot 2yd 25. 26. — ~—1|dt
j cotycsc ydy _[ i dz -[tz cos(t )

Find the definite integrals of following Functions

3/2 1
27. [ (-2x+4)dx 28. [ |¥dx
1/2 2
Evaluate definite integrals of following functions
nl2 3b
29. [ e2de 30. [ x@dx
0 0
PART - 1lll : VECTOR
1. Four forces of magnitudes P, 2P, 3P and 4P act along the four sides of a square ABCD in cyclic order.
Use the vector method to find the resultant force.
2. A sail boat sails 2km due East, 5km 37° South of East and finally has an unknown displacement. If the
final displacement of the boat from the starting point is 6km due East, the third displacement is
3. The resultant of two vectors u and v is perpendicular to the vector u and its magnitude is equal to half
of the magnitude of vector v. Find the angle between u and v.
4, Let the resultant of three forces of magnitude 5N, 12N & 13N acting on a body be zero. If sin
23° = (5/13), find the angle between the 5N force & 13N force.
I 1 I I
5. Two vectors A & B have the same magnitude. Under what circumstances does the vector A +B have
I I I I
the same magnitude as | A |or |B |. When does the vector difference A—B have this magnitude?
6. The resultant of Ig and (S is I5 If magnitude of (S is doubled, magnitude of resultant is also doubled,
P
when direction of Q is reversed from initial condition then magnitude of resultant is again doubled, find
P:Q:R.
7. If five consecutive sides of a regular hexagon represent five unit vectors acting in the same sense, find
their resultant vector. (Taking first side on x-axis)
8. Four ants 1, 2, 3 and 4 are pulling a grain with force of magnitudes 3 N, 1N, 2N and |E| N as shown in

the Fig. Find force E if the grain remains in equilibrium under the action of the above forces.
AY

-

"N

/\
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9. An insect moves in a circular path of radius R. If it rotates through an angle 6, find its displacement
means & = AF, where Ar is "the change in position vector".

i

A

v
—

10. Find the vector equation of a line which is parallel to a given vector A and passes through a given point
P having position vector F;

11. By using the concept of scalar product prove that | A+B| = \/ |AFP + |Bf +2|A||B|cos6

12. The vector K varies with time as ,K = ti—sin ntj+t2R . Find the derivative of the vector att = 1.

13. A body hanging from a spring (fig.) is stretched 5 units beyond its rest position and released at time t =
0 to oscillate up and down. Its position at any later time t is s = 5 cos t. What are its velocity and
acceleration at time t ?

-5

o Rest position

------------------ 5 Position at
t=0

14. A cylinder of radius R is moving down with speed v into water placed in a cylinder of radius 4R as

shown. Find the rate by which

T

(a) Water surface is rising (b) Wet surface area of cylinder of radius R is increasing.
15. Find the maximum area of the rectangle that can be inscribed in a circle of radius r ?
Bl HLP Answers

PART -1
x> +X+4 2 1

1. '(X)= ——— a) -2 b) — c)— — d) -7

g’ (x) (X+0.5) @) ()25 (€) > (d)
3. —2cosectcott cozt t 4, gs_ 1 5. 3 sin2 x (cos x)

(1-cosect) dt cost-1

6. g 20sin x cos™®x 7. _ cosecd 8. _secd

dx cotf + cosec6 secO+tano
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PART - I

1. (@ —cscx+C (b) %csc(5x)+c (c)2csc(n—zxj+c 2. 3x+sin2x+4sinx+C
3
2
3. X saxzec a. a2 8ymsc 5. x+ 2+C
3 3 X
6. 3cotx +C 7. _taS”X +C 8. —%csc6+c
2 1 1
9. §3%6+C 10. 4secx—2tanx+C 11, —ECMX+§C%X+C
12. —%u32x+mnx+c 13. sin2x +cos 3x +C 14. 2y —sin 2y +C
2 1
15. tan6+C 16. 5 (bs+4)¥2+C 17. -3 (7-3y9)%2+C
1 X 1 X r® °
18. =sin® | = |+C 19. ~tan®= +C 20. —-1| +C
2 3 4 2 18
5 \4 _
21, -i[7-C ¢ 2. —Scosxai_g)+c 23. —2csc| 2T |+c
2 10 4 2
24, —%(aﬁyﬂ”+c 25. 2ysec z+C 26. —gn(%—g+c
TCS
27. Area = 2 square units  28. Area = 2.5 square units 29. 22 30. 9b3
PART - Il
1. 2J2pP 2. 3 km in North 3. 150° 4, 113°
5. When the angle between A & B is 120°; when it is 60° 6. P:Q:R :\/5 : ﬁ: \/5
7. A, =%(—i+J§])
2 2
33 3 3-22
8. Fa= x2+y? = [ 222 4+2-1 +(—~—J§) N, ¢ =tan?!| —(——— =
2 2 ¢ 3VB3+242-2
. . N .0 N Pis ai n 0
9. 1hemmmmﬂemdSMmmmem—|A|—2R$n§.ThemmdmnofA sgwmasﬁ:5+§
10.  r=r+na
11.  A+B=R, say,
Since [RP = R.R = (A+B). (A+B)
Expanding the product, we have |R | :A) ;\+ K§+§ X\+I§ Ig
SmmMMgKRzA%Rgzéxemd§§:|§F,WMﬁmlﬁlexf+|§F+2R§
Hence [R|= |/K+§|:\/|K|2 +[BP +2|A||B| cos6
12. i+ n] +2k 13. Velocity: — 5 sin t, Acceleration: — 5 cos t
dh v 32nRv
14. a)—=— (b 15. Amax = 2r?
(a) a 15 (b) max
®
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SOLUTIONS OF MATHEMATICAL TOOLS

EXERCISE-1
PART - |

Section (A) :
A-1l.  f(m/2)=cosn/2+sinn/2=1
A-2. f(2Q)=4%x2+3=11

f{f(2)} =f(11) =4 x 11 + 3=47

1
1—-—
tan45-tan30 = 3 3-1

A-3. tanl5 = tan(45-30) = =
( ) 1+tan45tan30 1 f3+1
3

1+

_ (W3- =3+1_2\/§=4_22‘/§=2—«E

2 2
A-4. cos?26=1-2sin%0

2sin?0=1—cos? 0 = sin2 0 = (#j
A-5.  sinA . [sinAcosB + cosA . sinB]
sin?A . cosB + sinA . cosA . sinB
sin?A . cosB + %sinZA . sinB
A-6. .. COS [g + ej = —sind [cos in II quadrant gives negative value]

sin (6 — m) = sin[—(x —0)] = —sin(n —0)

=—sinb

sin(r + 0) = — sind [sin function is —ve in III quadrant]
A-7. x1=8sinf and xz2 = 6c0s6 then

X1 + X2 = 10 sin(6 + 37°)

(X1 + X2)max = 10 [sin(0 + 37°)]max =10 x 1 = 10

Section (B):
B-1. W -oxs1
dx

B-2. dy = sec? x — cosec? X
dx
2
B-3. ﬂ:cosx—sinx, dz = —sin X — cos X
dx dx
2
B-4. ﬂzl+ex, dy:—i+eX
dx x dx? x2
Section (C):
C-1. i e*/nx = énxdi + X dﬂ
dx dx dx
e*/nx. + £
X
C-2. dsinxcosx) _ sinx dlcosx) , cosX disinx) €0s?x — sin?x

dx
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Section (D) :

D1 y= (Bx—2)(2)—(2x+5)(3) __ 19
(3x—2)? (3x—2)?
nx 1
d (j Xx=—=(nx.1
D-2. dy _ X )_""x i _ 1—£2nx

dx dx X X

D-3. sec’ —tan’x =1
@ =0
dx
d — 1 1,
D-4. (a) —uv=uv'+u'v
dx

=5x 2+ (-1) (-3) = 13

) 3 (Ej: wi-wv'_ (3)-(6K2) _
dx \ v Y, (-1)

© 9 m: uv' vt _ (5)2)=(-1)(3) _ 7
dxu v (5) 25

o L (v —2u) = v -2
dx
=7x2-2(=3)=20

Section (E) :
E-1. y=sin5x
Let5x =6
y=sin6
dy _ dy d@
dx  do dx
ﬂ = cosb ﬁ =5
do dx
'.@=50056 0 = bx
dx

" d—y=5005 5x
d

E-2. Letu=(aX+¢)
dy) _ dy du
dx du dx

=2 cos(ox +¢) X ®
= 2w cos(wx + ¢) Ans.

E-3. ay__ 27(4 — 3x)8
dx
Section (F) :
F-1. x+y)?=4
2(x +vy) (1+yj =0
dx

L X+y=0 = 1+ —==0 = ﬂ:_
dx dx
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F-2. Xy+xy’=6

X2 dy +y[+2x] + y? + x| 2y dy =0
dx dx

% [X? + 2xy] + 2xy + y>=0
X

dy o -2xy-y*
dx  x®+2xy
Section (G) :
G1 dA _ d(nr?) _ nd(r?)  2mrdr
Codt o dt dt dt
2
G-2. i S= M:Snrﬁ
dt dt dt
Section (H) :
H-1. x=—t2+4t+4 ... (i)
for maxima
% =0
dt
—2t+4=0
t=2

o dPx
from equation (i) proiie 2<0

X has maximum value at t = 2 sec. maximum value of x
Xmax = —(2)2 +4(2)+4=8

H-2. Ymax = 39, Ymin = 38

Section (I) :
I-1. dy = d—yxﬁ
dx du dx

dy _ 48 (8x — 1)?
dx

I-2. dy = d—yx%
dx du dx
3cos (3x +1)

I-3. ﬂ:d—yx%

dx du dx

12 X3,
I-4. ﬂ:d—yxE

dx du dx

ﬂ = — lsini

dx 3 3

PART - Il

Section (A) :

Al y=x2-2x+1
jydx: I(x2—2x+1)dx+c:jx2dx —ijdx +.fdx +c

2,
=2 —x’+x+c
3
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A2, y=(X)¥+x1B
jydx=jx1’3dx + jx’1’3dx
3X4/3 3X2/3
+
4

+C

A-3.  y=sec?x jydx:tanx+c
A-4. y=cosec?x jydx:—cotx+c

A-5. y=secx-tanx :jydx secX+cC

1 1,1 1
A-6. =— dx == [=dx+c= =/(nx+c
y 3x jy 3 J-x 3
Section (B) :
B-1. jxsin(2x2)dx Let u = 2x? du = 4x dx
. du
:fsmu—
4

= lJ‘sinudu :—lcosu+C
4 4

B-2. _[sec 2t tan2tdt
Letu=2t du=2dt

du
_[secutanu?

Esecu+C
2

Esecu+C
2

B-3. j 3 dx=3j(2—x)’2dx

(2—xy’
Letu=2-x du=-dx
3ju’2(—dx)
=+—3+C = S +C

u 2—X

B-4. jsin(82—5) dz
Letu=8z-5 du=8dz

sinuﬁzl (-cosu)+C
8 8

:—%cos (8z-5)+C
Section (C):
T

71',71 4 _ T _ 3
C-1. Eidezi[e]*‘ =3 (1) -(4)]= >

52 ) 52 2 2
c2. | rdrz{r—} BCNE) S CF) PSP
+ o 2 2

C-3. .lfexdx: [eXJ =e-1
0
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Section (D) :
D-1. y=2x

Area = .Tydx = TZxdx = [XZJZ = b? units
0 0

2
4
D-3. 'Tfydx :Isinxdx:[—cosx];

0 0

=[-cosm+cos 0] =2

D-4. J‘sinzxdx='[m dx
0 0 2
_ J-ldx_-‘-cost dx
0 2 0 2
= E_l[sinzx]n = E —-0= E
2 4 ° 2 2
PART - Il
Section (A):
A-1. (i) 105°, (i) 1500, (iii) 105°.
A-2.
5
g0 120
5
Q=120°
A-3. Vr= 5] m/s = — S]m/s.
Section (B):
B-1.
30
40 40
\
@) > P
‘(5P‘ =30m
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B-2.

B-3.

B-5.

B-6.

B-7.

B-9.

A =30i
B =40]j
i= A+B=30i +40]
tan ¢ = 4/3 = 53°
a

i

‘é‘ = \Ja% +b? + 2abcosH

‘é‘ = \/az +b? +2abcos0
= el=1él

Can not be zero

C
Using triangular inequality
C>10-6
C<10+6

4<c<16

T

&=

5 = f4

Resultant of vectors forming closed polygon is zero vector.

|A+B| = /A +B?+2AB - coso

cos O ismin. when 0 ==

é:/& +é
|A| =12 |C|=13
|B| =5

They for ether form pythagorian Triplet with Qas = 90

AN
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B-10. P+Q=P -0
20 =0
= Q=0
B-11.
A
~ . X
Bl v
o2 A
45°
_B \
ZR
v 6/
Section (C):
C-L (3 +(2f +(1))° = o+4+1 = V14 unit
C-2.  x=25c0s?10°=—25cos 30° [210° = 180° + 30°]
y = 25 sin? 10° = —25 sin 30°
C-3. M = 60 km/h
M =430% + x? = 60
30% + x? = 60°
x2 = 3600 — 900
X2 = 2700
X2 =900 x 3
x = 3043
C-4 A=05i + 0.8] + ck is a unit vector
0.52+0.82+c?2=1?
=ar E
10
C-5. A=2i+2]j
cosd = A ? = 24243
Al (2v2)(2)
B=i+J3]
2(1++/3
(&) P
C-6. F=2i-3]N
c-7. A 1,-1) B(2, -3, 4)

AB=B -A=(2-34)-(,-11)=(,-4,5)

AB =i —4] +5k

AN
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Section (D) :
D-1.  A=i+j+k B =2i+]j
@ A.B =(1)Q)+ D)D)+ (1)(0)=2+1=3
i ok
AxB=111=i0-1)-j0-2)+k(1-2)
210
AxB=-i+2]-k
D-2. H:4|§‘ =3
0 = 60°
A.B=|A||B|cos60°=4x3x1/2=6
B
60° =
> A
|Ax B|=|A||B]|sin0=4x3x % =63
D-3w A, B & are non-zero vector
A-B=0&A-C=0
AisltoB
Aislto C - BxCisllto A
D-4. A.B=8 ABcos6=8
|AxXB|= 83 AB sind =8./3
tand=+3  0=120°
EXERCISE-2
PART - |
1. foo= “HEEEY A Q)
X+1
x=1_4
f{f(X)}: f(X)_1 :X+1 = -2 ___1
f(x)+1 x-1 X+1
AR |
X+1 2X
X+1
2 Bx‘ﬂ—s
X_
2. f(y):f[f(X)]:T =X
3 [ }—2
3x-2
3. 120° + 0+ 0 =180°
= 0 =30°
sin120 sin/A sinZC
10 a (o]
side a=sidec= E¥Em
®
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5. (a3.4.4.3 B >-2.3_2
5 5 5 5 5 5 5 5
4 3 4
C —+1¢——1 D) —x—-=1
© 4 3 () 4 3
6. R? = 2A%(1 + cos0) = 2A? (l+ 2cos’ g —1) = 22A2coszg
R = 2Acos9
2
7. y=Inx% + sin x
d(Inx? i
dy _ ( )+d(smx)
dx dx dx
1d,,
= = — (x?)+ cos X
x2 dx( )
= iz . 2X + COS X
X
2
= Z +cosx
X
2
2 d)
N LT _ 5, eIy 2 .
dx? dx dx X2

6

dy d(x” 7) dtanx) _

8. =~ +sec?
dx  dx dx 7
2 —-6/7
dy _1dxc™) d(sec X) - x’“’ " + 2 secx (secx tanx)
dx? 7 dx dx T 49
= _—6x’13’7 + 2 tanx sec?x
49

9. y=[x+%}(x+%+l}
y1 d( 1)
dy _ (x+1j —d(X X+1)+(x—1+1j —X+ X

dx X dx X

1 1
[ 1j+ x G dw +(x—1+1} ax %)

X+ = +
X dx dx dx X dx dx

o))t
X X X

—X+1+1+i+x_1_1 i+1_i:£+zx_i+l
X x x x x x° x2 Xt x2

10. r=(1+ seco) sind
r =sind + secO sind
r =sind + tand

dr = COoS 0 + sec?0
do
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11.

12.

13.

14.

15.

16.

1+ cotx)i(cotx) - cotxi(1 +cotx)
dx dx

dy _
dx (1+cotx)?
_ (1+cotx)(—cosec®x)—cotx(—cosec’x) _ —cosec?x
(1+cotx)? (1+cotx)?
tan xi(énx +€e*)—(lnx + e~ )itan X
dy _ dx dx
dx (tanx)?

tan x(i + exj —(ﬁnx+ e ) (sec? x)

(tanx)?

d - d .
— (sin®x) + — (sin 3 x
dx( ) dx( )

_ dsin’ X dsinx+ dsin3x_ d(3x) _
dsinx dx d(3x) dx
= 3sin?x cosx + 3 cos3x

3 sin?x cos x +

dy d ., .,
o dx [sin? (x + 1)]
_ dsin*(x* +1) y dsin(x* +1) y d(x* +1)
dsin(x*+1)  d(x*+1) dx

=4 x sin (x2+ 1) cos (x* + 1)

dg_d (2r — r3)2

dr dr
d(2r-r?)"? y d2r-r*)

d(2r—r?) dr

1—r

1

Z(2r-e*y"?@2-2r) =
2 2r —r?
x3+y3=18 xy

do< +y°) _ d@8xy)

dx dx

3 3
di + dL =18x. di + y —d(18X)
dx  dx dx dx

3x2 + 3y2 ol =18x. ol +vy.18
dx dx

3x2 +3y2. dy _ 18x. dy +18y
dx dx

3y? % — 18x. j—y =18y —3x?
X X

dy (3y? —18x) = 18y —3x?
dx

dy _ (18y-3x’)
dx  (3y*-18x)

cos 3x
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17.

18.

19.

V = ar?h.
dv_dwh _drh
dt dt dt

2
T har 2 dh
dt dt

Tc{Zrhﬂ +r2 @}

dt dt

=n{2rh . 5+r25} ﬁ:Sm/s &ﬂ:Sm/s
dt dt

= n{10rh +5r%}

X+y=60
Xx=60-y

Xy =(60-y)y
fly)=(60-y)y

for maximum
f'lyy=60—-2y=0
y =30

sox=30 & y=30

Let the dimensions of the tank be x and y area of the open tank = x2 + 4xy.

Again x & y are related to surface area of this tank which is equal to 40 m?

y
X
X
X%+ 4xy = 40
_40-x?
4x
2 ARV
Volumev=x2(40 X J= 408
4x 4
_ 2
for maximum volume v' (x) = % =0
X = ﬂandv"(x)=—3—X
\j 3 2
v jﬂ __L f£< 0
3 2\3
. . 40
So volume is maximum at x = f? m
PART - I

= j(x’z +x73)dx
= jx‘zdx + fx’a dx

—2+1 -3+1
X X

+ +C
- 2+1 -3+1

=—-x"! —% X2+ C,
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2.

j(1 — cot® x)dx =.f1 — (cosec?®x — 1)dx
= .[(2 —cosec’x)dx

= _[de—jcoseczxdx
=2x+cotx+C

j cos6 (tan6 + secO) do
= J' cos0 tand do +.[ 0s0 sech do

= jcose

p— 9 4o +j do

=—cos0+0+C

[ 120/ +4y?+1)2 (y°+2y)dy
By Substitutingu =y 4+ 4y 2 +1
d(y* +4y* +1)

du=dy=
dy

Then, [12 (y* +4y? +1)2(y >+2y) dy = [ 3u?du

_ oy 3U° — (4 21113
—3j udu—T+c—(y +4y2+1)3 + C

J-\/5X +8
By Substituting 5x + 8 = u,
d(5X + 8) _ du

dx  dx

du

5= ——
dx

5dx = [%j dx
dx

dx= —

1u 1/2
5 1/2

du
h =1/5{u? du=
then J.5 J' us=
:E\/J+C:§ﬂ/5x+8 +C

Letu=3-2s = du=-2ds

[u [‘gj - u3’2+C——(3 25)%2 + C

2x3/2

j sec?(3x + 2)dx

Letu=3x+2 du = 3dx

, du
sec u—
3

%tanu+C: %tan(3x+2)+c

(4y®+ 8y) dy = 4 (y3+ 2y) dy
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8. jcsc(ﬂjcot(o_n) dv
2 2

LV—T

Letu=

du:d_v
2

= jcscucotu(Zdu)
=—-2cscu+C

=—2csc [HJ +C
2

j 6cost
(2+sint)®’
Substituting 2 + sint = u
du
cost= —
dt
cost dt=du
6du _ du
Then -[u = 6.[u_3

6u—3+1
T _3+1
=-3 (2+sint)?+C

+C

10.

3 37
11. = {X—}
3o

= m_(): Z
3 3

12. Substituting x? = u,
or 2x dx = du
X dx = ﬂ

2

Now, changing the limit for
x =0, u=0

x:\/;, u=2

u=mn
on _[ sinudu = [—cosu]; =—cost+cos0= 2
u =0

1

13.

1

In(3x +2)}

(/n5—¢n2)

u3
m2=m |2
2 2
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14.

Area of the region between the given curve & x axis on the interval [0, b]

b
j 3x%dx
0

3 | b
{ 2 } =[], =p*-0=1p?

0

PART - Il

B=2A=-4x3N-E
=12 S-W
No it does not represent the same physical quantity.

2O
0
Fy
Giventhat F. = 18

From figure Fu :JF2 —-F? = 30?-18°
= 576 = 24N

From figure tan6 =

F, =18N

R
I:H
tand = 3/4 = 0=237°

R|&

Let P & (3 are two vector

if <
Q P
P-Q=10unt ... (1)
If Q ‘
S
P? +Q? =50 unit
P2+Q%=502 .. (2)

from equation (1)

(10 + Q)* + Q* = 50°
2Q? + 20Q + 100 = 2500
2Q? + 20Q = 2400
Q?+10Q -1200=0
(Q+40) (Q-30)=0
Q=30

So, from equation (1)
P=10+Q

=10 + 30 = 40 unit

_ Psin6
tanoe = ——
A +Bcos6

8 +6c0s90 8 4

tan o = 3/4
a =37 Ans.
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5. OA :r]
oC =ri
OB =r(cos 45 +sin45])

OB: .+ o
NN

R= OA+0B+ OC

a r = r = °
Srj+ =i +— j+ri

]

— rj- r =
‘ R ‘= (r+$j|+[r+$jj‘=r(l+ﬁ)

7. Given that

A=4i+6] ... (1)
A+B =101 +9] ... )

from equation (2)
B=10i +9j- A
=10 i+9]—(4i +6])=6i +3]

E TBY: 3
0 S
B, =6
B
From figuretan 8= -~ = e tan™t X
B, 6 2
9. Angle between two vectors can never be greater than 180°
6

on increasing the 6, the magnitude of resultant vectors decreases.

10. Initial velocity = 50]
Final velocity = —50]

1 change = 502
along south west

11. Sum of any 3 sides should be greater than fourth side.
12. a+b>‘é+6‘>a—b
13. |A+B|=]A|=|B

|
Case -l Either |A| = |I§ | = 0 (zero vectors)
Case- Il |[A|=|B|=0
|A+ B|=A2+ B2+ AB cos0
|Al = |B]
= 2A? + 2A2? cos0
= 2A? (1 + cos0)
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= 2A (2c0s?0/2)
= 4A cos? 6/2
Now |A + B| = A
0 1

)

COos

6 =120°

14.

- 90°, 135°, 135°
15.

[

60°
60°

>
»

b

—=060°

135°

b By vector translation ¢ b

Ol

ol

Only horizontal along + x-axis
= 2cos 60° + 2 cos 60° = 2

16.

Coplanar all in a single plane (xy plane)

60 = 360°
6 = 60°

Check now every component cancels out net = 0

AN Resonance”®

Educating for better tomorrow

Website : www.resonance.ac.in | E-mail : contact@resonance.ac.in

Toll Free : 1800 258 5555 | CIN: U80302RJ2007PLC024029

Reg. & Corp. Office : CG Tower, A-46 & 52, IPIA, Near City Mall, Jhalawar Road, Kota (Raj.) — 324005 \



mailto:contact@resonance.ac.in
http://www.resonance.ac.in/reso/results/jee-main-2014.aspx

Mathematical Tools

17.

18.

19.

2.5

A

+
é:—ﬁx

i
B
A

A vector is represented by sum of its component vectors.
e, A=A +AJ+HAK
so, from given options only option (A), (B), (C) are correct.

-
-
X

—_

=— ]:> south

a? + b? + 2ab cos0 = a? + 4b® — 4ab cosf

or cosO = i <1
2a
b <2a
EXERCISE-3
PART - |
(A) J-SEC xtanx dx = secx + C
(B) [coseckx cot kx dx =%€‘Ckx rC
© jcosecz kx dx = — cotkx +C

sinkx i C

(D) jcos kx dx =

(A) | A+B| = A2 + B2 + 2AB cosf
A? = A2 + A% + 2A2 cosO cose=—%,9=120

B)Fi~F2<R<Fi1+F
Here Fi~F2=4and F1 + F2 = 12
A.B_ 0 _
|AIIB]  242x3

(D) A+B =2i+]+3k |A+B|=2° +1+32 =14

0 6 =90°

(C)cos 6=

PART - Il
X=t3-3t?+ 12t + 20
v= 3 s3e_gte12
dt
t=0 = v=12m/s
- v =6t—6
dt

t=0 = a=-6m/s?
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3.

a > 0w D

a=0 = t=1sec.
v=3t2—-6t+12 =9m/s

Fret = |7:'1+|7:'2 = 2?+5]+4IA<

cosO = AFl Fi :[ 3 J
IRIIF | 542
F,

PART - Il

lal-|b|<|a+b|<|al+|b]

R= \/A§+B§ =g’ +6° =10

Based on theory

Based on theory

Angle between two vectors given by.

SO cos 0= i S

cos06=0 9=£
2

Based on theory.

(i) if f(x) = e

then f'(x) = —e™

so f(x) = = f'(x)

(i) if f(x) = e* then f'(x) = e
so f(x) = f'(x)

(iii) Based on theory

(iv) Based on theory

(v) Based on theory

A=Aj B=Aj
A+I§+6:AiA+A]+AI2
|A+B+C|=VA? + A% + A2

Given A=3i+4j B=

Let CSC|C

G+ DIkl v2xl

PART - IV

=J3A

7+ 24]

Given that | C |=|B|=\[72 + (24} =25

and C=A _3i+4
G 25x(8i+4)) C =15i +20j
5
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3. If | AB|

then angle between A and B is equal to zero

So, A x B =ABsindn=0

i ] kK
4. Area of parallelogram = |AxB|= {3 2 0|=|-8i+12j—4k|=+/224
2 0 -4

Perpendicular

i+]
45°

7. A=ai and B =acosoti +asinotj
|A+B|=\3|A-B|

\/(a+ac05mt)2 +(asinot)? = 3 \/(a—aCOS(Dt)Z + (asinot)?

= Zcosﬂt:i 3x2$inﬂt
2 2
tan%tzi%
%t:nni%
itzl’miE
12 6
t=(12n+2)s
=2s,10s, 14S ....coeeeeennnnnn
HIGH LEVEL PROBLEMS (HLP)
PART - |
(x+0.5) Sl (x2—4)—(x2—4)£(x+0.5)
1. gr (X) - dx 2 dx
(x+0.5)
_(x+.5)(2x)—(x* —4)
- (x+0.5)?
2 +x=X*+4 _ X*+x+4
~ (x+05)  (x+0.5)
d ’
2. @ — (uv) =uv' +vu
dx
atx=1 =u(@)v' (1) +v () u'@)
=2x(-1)+5(0)

=-2
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V2

3"
dx \v )
_50)-(2)1) _ 2

(5)° 25

d
®) [V

atx=1

uj _ vu'-uv

v(1) u()—u (Nv'(1)
[v@F

2

u u

© di(xj _uv'=vu'_uv'(1)=v(1)u'(1)
X

(d) i(7v —2u) =7v'=2U'
dx

atx=1
=7v'(1)—-2u' (1)
7(-1)-2(0)=-7

1+cosec t
S = L

[u@®r

dr _ cosech
dd cot0+cosecO

" 1-cosec t
ds _ (1—cosect)(—cosect cott)— (1+cosect)(+cosect cott)
dt (1—cosect)
_ —2cosectcott
(1- cosectf
sint
1—cost
ds _ (1—cost)cost —sint(sint)
dt (1-costy
_cost — (cos’t + sin’t) _ cost—1 _ 1
(1-cos t) (1—cost)® cost—1
5. Withu=sinx,y=u® : dyARN = 3Uu? cos X = 3 sin? x (cos X)
dx  du dx
6. With u = cosx
y =5u™
ﬂ = d_y X d_U
dx du dx
=5(=4)u®(=sinx)
dy _ 20 sin x cos™x
X
7. r = (csch + coto)™
b=
cosecoH +cot 6
dr _ (cotb+cosecd) (0)-—1 (~cosec¢O —cosed cold)
de (cot® + cosecHy
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8. = — (sech + tan@)™*
-1

secO+tan®
dr _1 (seco tan@+sec®@) _  sech
de (sec + tano)? secO+tan@
PART - Il
1. (a) j csc x cot xdx
—cscx+C

(b) j—csc 5xcot5xdx

csc5x
= +

= C
5

T ™
Cc) | —mcsc—xcot—dx
© [-n 5 Xoot=—

+mesc Ex .
=2 -» csc—x +C
/2 2
2. j(1+ 2cosx)*dx

= _[(1+ 4c0s? X+ 4cos x)dx

= jl.dx+j4cosxdx+j4cosz x dx
=X+ 4 sinx + .[4(—00322X+1de

=X+ 4 sinx + j20032x+J2 - dx

2sin2x

=X+ 4 sinx + + 2X

=3X + 4 sinx + sin2x + C

1/2

X 12
3. I > dx+J'2x dx
1/2 +1 -1/2 +1
-1 X/2 +2X1 1C o= Ex p Az
2 (1/2+1) _1.4 3
2
4, '[8ydy—jylﬁdy
2 —1/4+1
8y” _ 23{_ te
2 —=+1
4

ay? — gyam fc

5. j [(2x — (2x)x°])dx
= j2xdx - I2x’2dx

_2xk xR 2
= — =x2+ Z +¢
2 —2+1 X
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10.

11.

12.

13.

14.

15.

16.

_[4secxtanx dx — 2_|'sec2 x dx

=4 secx—2tanx + ¢

J‘l csc? x dx—ljcscxcotx dx
2 2

1 1
=— —cotx+ —cscXx+c
2 2

_[sin2xdx—J'csczxdx

CcoS 2X
:—T+cotx+c

j20032xdx—j3sin3xdx

2sin2x

sin 2x + cos 3x + ¢
_f4sin2ydy

sin?y =
J 2

J-A{l—cgsZyjdy

= j2dy—J2cosZydy

2sin2y
2
=2y—-sin2y+c

:2y—

j csc O
cscO—sind

- J' sin6® do

~ 1
_I1—sin29

1
jmds

Let u=5s+4
du=5ds
ds = ﬂ
5
—1/2
= l ju’”zdu = E —U +1
5 5 -1/2+1

:é u +c:§\/53+4+c

_3 —Ccos3x +
2 3

1—cos2y

de = J'secze - do =tand + ¢

+C
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17.

18.

19.

20.

j3y w/7—3y2 dy
Let 7 — 3y? =t
diff. w.r.t. y both side
— 6y dy = 2t dt
=3ydy=-tdt
= [t dt

t3
=— — +¢C

21\3/2
I W

jtan7 X lsec? Xdx
2 2

Let tani =t
2

dx
2

sec?X. =dt
sec?X dx=2dt
2
t8
jt72dt:2—+c:
8

)
.fr E_1 dr

r3
Let — —-1=t
18

4

2
37 dr=dt
18
r2dr = 6dt
= j t°6dt

6 3
:6t_+C: I"__
6 18

6

tan® x/2
= " %+c
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21,

22.

23.

24,

i)
Ir“ {7_BJ dr

5

let 7-1_ =t
10

4
_5L dr = dt
10

rfdr=—2dt
j t3(—2dt)

1 4

jx5 sin(x® — 8) dx
Letx*®—-8=t

4 x¥3 dx = dt
3

x¥dx = Lt
3
J'Esintdt
4
3
=—->cost+c
4
=- %cos (x¥—-8)+c

ICSC(U;njcot(U;njdo

LV—T

Let =t = dv=2dt

jcsctcot t2dt=-2csct

:—chc(u_nj +c
2

'[1 [coty  csc?y dy

Letcoty =t
—csc?y dy = dt

—Nt'dt

2t3/2

+C

=— % (coty)*?+c
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25.

26.

27.

28.

29.

30.

jsecztanz

#SSCZ

Letsecz=t
sec ztan z dz = dt

j—dt

=2t +c
= 2\fsecz +C

jizcos(}—1j dt
t t
Let %— 1=x

1
:—t—zdt:dx

j cos x(—dx)

=—sinx+c

= —sin [%—1] +C

3/2
j (—2x +4) dx

1/2

= [—xz + 4x]3/2

1/2

[

= 2 square units

1
j|x|dx
-2

o fo- ]

=2+ 1/2 = 2.5 square units

7l2 - 3—n/2
jez do - L

0 L 3 J0

3b % 730
_[xzdx = —| =9bnd
0 L 3 o)
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Mathematical Tools ﬂ_

PART - 1ll
c(€ = B
y A ................... 2p y
4P S >X
.............. P A
o ¥ y
Let O be the origin & unit vector along x axis isi & unit vector along y axis is 1
So, OA =Pi
AB = 2Pj
BC =-3Pi
CD = — 4Pj
Resultant force
R =OA+AB+BC+CD
= Pi+2pi—3pi —4ij
R =-2pi — 2pj
|§| = Z\E P Ans.
o Al C.. i

N
W Ei

B S5

Final displacement of boat = 6 i, from figure

OA =2i
BC =5c0837°] — 55in37°] =4i - 3]
from figure

—_— — —

OC=0A+AB+BC
BC=0C-OA-AB
=6i —2i—4i+3]
BC=3]

= 3 km in north
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Mathematical Tools ﬂ_
3. Given R =i+V and R LU

<!

and |R| -

|

Let [V| =xthen |R| = x/2

2
from]‘igureu2:v2—R2:x2—XT :u:% X
we know that

R? = u? + v2 + 2uvcoso
2

X—:Exz + X2+ 2 ﬁx (X)coso
4 4 2

B

= CoS O =———
2
0 = 150°
4. Giventhat|A|=5N, |B|= 13N &| C| = 12N

for angle between A & B, from figure sin o = %

o= 23°
so angle 6 = 90 — 23
so angle between A & B =180 -0 = 180 — 90 + 23 = 90 + 23 = 113°

5. From given condition
|A +B|=|A|=|B|=x
A2 + B? + 2AB cos0 = A?
X2 + x2 + 2x2 cos0 = x?
cosb =-1/2
0 =120°
|A-B| = |A|
A2 + B2 — 2AB cos0 = A?
X2 + x2 — 2x2 cos@’ = x?
cosd’ = 1/2
0’ = 60°
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Mathematical Tools ﬂ_

6.

Let 0 be the angle between P and Q. Then.
R2= [P+QF = P2+ Q%+ 2PQ cos 0 (i)

If (3 is doubled, R is doubled. That means, the magnitude of resultant of 2(5 and 5 is 2R
(2 R)? = P2+ (2Q)? + 2P (2Q) cosb

This yields, 4R? = P2 + 4Q + 4PQ cosb ()]

When O is reversed, R is doubled. Hence, the magnitude of resultant of P and (~Q) is 2R .
Then, (2R)? = P2 + Q2 + 2PQ cos (180° — 6).

This yields 4R? = P? + Q% — 2PQcosf ...(iii)

2
Eq. (i) — Eq. (iii) yields PQ cos 0 = —3R (iv)
. L » . ~»_ BR?
Eq. (i) + Eg. (iii) yields P+ Q= > (V)
Eq. (i) + Eq (iv) yields P2 +4Q%=7 R? (%))

Solving Eg. (v) and Eg. (vi) we obtain Q = \/g Rand P=R
Hence P:Q:R:\/i:\/?_,:\/f Ans.

It is relevant from the vector diagram that each vector deviates from its neighbour by an angle of 60°.
We bring the tails of each vector to a point (origin) and observe that /:il and A4 are equal and

opposite; and ,7-\2 and A5 are equal and opposite.

oy
A
A,
A, 60° 60°
< > 5
0 —
N A,

A +A,=0and A, + A, =0

Hence R = A; + A, + A; + A, + Ag

= A = (|Az| cos 60°) (i) + (| Ag | sin 60°)

Substituting |A_)3 | =1, we have , A_;, :%(—ﬂ\ﬁ])

The forces exerted by the ants are given as,

El = 3 (cos 30° i +sin 300])

F, =—1i

Fz =2c0s45°] + 2 sin 45° (—])

and (=F) = Xi + yJ say.

Since the grain is in equilibrium, it experiences a net force
F=F+F +F+F =0

Substituting the values of the above forces, we have

f(¥—1+«ﬁ+x]+[%—ﬁ+yﬁ =0

AN
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Mathematical Tools ﬂ_

10.

Comparing the coefficients of i and J we have
X== (#Jrﬁ—q and y:—(g—\/ﬁj
Hence the force exerted by the 4th ant has the magnitude
\/_ 2
F4:~fX2+y2 = ( +2 -1 J [2 \EJ

3-22
3f3+22-2

and directed at an angle ¢ = tan‘{ :‘ with —ve x-direction, as shown in the figure.

When the insect moves from position 1 to position 2, the displacement s = change in position vector
Ar . Since Ar = 1,— 1, the magnitude of the displacement is

|AT | = \/rf +r7—2r, r,cos0

v\e

Since the insect moves in a circular path,
rn=r2=R

Hence | Ar | = 2Rsin 0/2. The direction of Ar is given asp = g+g , as shown in the figure.

Let us draw a straight line PQ which is given by

PQ - OQ _ OP
where OQ = [ and OP = . (given)
This gives PQ =7 - rz
Since PQ I A (given)

PQ =pQ. & , where a-A

AN
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Mathematical Tools ﬂ_

Hence r—r, = ?é This yields
- - > o
r = ry?é . Then by putting % =n, we obtain r =r,+na

11. K+§: ﬁ say,
Since |RF =R.R = (A+B). (A+B)

expanding the product, we have

- o> o 5> o

IRF =A.A+A.B+B.A+B.B

>

Substituting A.A =A?, A.B=B.A and B.B = |B[ , we have

IRP = |A] +|BF +2A.B

Hence |R|= |A+B|=\/|A|2 +|B|? +2|A||B]| cos®

12. Differentiating both sides of Z\ =ti —sin nt] + %k

—

we have C g(tf— sinntj + t°k)
dt dt

_doe do o eod oLy
. ()i = (sinmt)j+ = (f )k

=i- ncoswt] + 2tk

. d;\ 2 2 S

Puttingt = 1, we have ot = i—(ncosn)j+2(1)k
t=1
=i+ n] +2k
13. We have
Position: s =5 cos t
ds_d

. d .
Velocity :v= —= — (5cost)=5— (cost)=-5sint
YIVE T )= 55 (cost

Acceleration : a _dv _d (-5sint) = —5i (sint)=—5cost
dt dt dt
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14. (a) volume v of water remains constant

vV =1 (4R?) h — nR?x
dh dx
0=16nR? — —nR? —
dt
dh 1
_ _V
dt 16
(b) Area of wet surface /¢
d¢
A =1R?+ 2nR—
dt

¢ is length inside water

dA d/l
— =0+21mR —
dt dt

— =2nR [ V+—
dt 16

dA { V}_l?;z Rv

Ans. (a) M-V () 3RV
dt 15 15

15.

Let A = area of rectangle

=0
dt

dr_dc, dn
dt dt dt

8

1
A=8x E X X X a/rz—xz =4x «,rz_xz

For maxima :
A_, dA_
dx dx
- 4(r® —2x%)

4 (ZX(_—ZX)M/rZ—xZJ

1
or X= ——
J2
For X_L dz—A<O
2 dx®

Area is maximum for x =

and

S -
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